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Abstract 

We consider scattering amplitudes in string models in the Regge limit of high energies 
and fixed momentum transfers with the use of the unitarity in direct channels. Interme- 
diate states are taken in the multi-Regge kinematics corresponding to the production of 
resonances with fixed invariant masses and large relative rapidities. In QCD such kinemat- 
ics leads to the BFKL equation for the Pomeron wave function in the leading logarithmic 
approximation. We derive a similar equation in the string theory and discuss its proper- 
ties. The purpose of this investigation is to find a generalization of the BFKL approach to 
the region of small momentum transfers where non-perturbative corrections to the gluon 
Regge trajectory and reggeon couplings are essential. The BFKL equation in the string 
theory contains additional contributions coming from a linear part of the Regge trajectory 
and from the soft Pomeron singularity appearing already in the tree approximation. In 
higher dimensions in addition, a non-multi- Regge kinematics corresponding to production 
of particles with large masses is important. We solve the equation for the Pomeron wave 
function in the string theory for D = 4 and discuss integrability properties of analogous 
equations for composite states of several reggeised gluons in the multi-colour limit. 
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1 Introduction 



The derivation of the BFKL equation for QCD scattering amphtudes in the Regge regime of 
high energies E = ^/s and fixed momentum transfers q = \f—i |Tj is based on the fact that 
gluon is reggeized in perturbation theory. In the leading logarithmic approximation (LLA) 
the Pomeron singularity in the j-plane of the t-channel partial waves appears as a composite 
state of two reggeized gluons. The gluon Regge trajectory is known in two first orders of 
perturbation theory and the integral kernel for the BFKL equation is calculated in the next- 
to-leading approximation [2], which is important for the phenomenological applications IJ]. 

It is reasonable to believe, that the gluon reggeization has a physical meaning even beyond 
the QCD perturbation theory, although up to now its Regge trajectory is calculated only at 
sufficiently large momentum transfers q where the effective coupling constant is small. For low 
momentum transfers we should use non-perturbative methods. For example, one can assume 
that the gluon trajectory in this region is approximately linear, as it takes place for the hadron 
trajectories. The linearity of the Regge trajectories was an important property in constructing 
the dual model by G. Veneziano Later a string interpretation of the dual amphtudes was 
developed In the Born approximation the dual hadron models include only particles lying 
on the secondary Regge trajectories. The Pomeron-like singularity appearing in the open string 
scattering amplitudes in one loop approximation was identified with a leading Regge trajectory 
for the closed sector. Later it was found that four dimensional string theories meet with 
difficulties, which were avoided in their superstring generalizations to space-time dimensions 
-D = 10 15^ . Now these superstring models are considered as candidates for an unified theory of 
all elementary particle interactions including the gravity. Moreover, all of them are supposed 
to be various realizations of the same M-theory. 

In the modern interpretation the closed string sector is associated with the graviton Regge 
family rather than with the Pomeron singularity^ , and so the Pomeron does not directly present 
in the string theory. In a line with the Maldacena proposal [7] for the iV = 4 super- Yang-Mills 
model one might expect an appearance of a colorless composite state becoming a graviton in 
the t'Hooft limit g^Nc -~* oo, where g is a coupling constant and Nc is the number of colors. The 
Pomeron singularity seems to be a candidate for such graviton state |H]. However, in this paper 
we treat the Pomeron similar to the case of perturbative QCD where it is a composite state of 
two reggeized gluons. Namely, this singularity should appear in the diagrams where two open 
strings are exchanged in the t channel. Such Feynman graphs lead to the Mandelstam cut in 
the j-plane of the t-channel partial wave (pj (t) . The sum of contributions from the ladder- type 
diagrams in the string theory corresponds to the BFKL-like equation. We hope that its string 
modification is a reasonable model for non-perturbative effects in the region of small momentum 
transfers. Indeed, the string models in extra dimensions can lead to a dual description of gauge 
theories including QCD [?]. 

Note, that in the critical dimensions D = 10 the multi- Regge kinematics for intermediate 
particles in the s-channel is not unique even for small coupling constants. Namely, one should 
take into account also the production of resonances having large masses at high energies, which 
leads in particular to the graviton contribution appearing in one loop. In the last case the 

^Note that the Regge asymptotics was investigated also in the pure (super) gravity 



imaginary part of the corresponding non-planar diagram with the graviton Regge pole in the 
t-channel appears from the production of two resonances with masses m ~ -y/s. Below we does 
not discuss this problem in details and consider mainly the D = 4 case. 

We use the superstring 4d model in the Ramond-Neveu-Schwarz version f5], but the su- 
persymmetry is involved only to remove the tachion from the spectrum. It is known, that 
non-critical string models have difficulties related to the absence of the S'-matrix unitarity in 
higher loops. In particular, to restore the unitarity in one loop approximation it is needed to 
introduce an additional 2D gravity field 0. This field provides the conformal symmetry on 
the tree and one-loop levels, and restores the modular invariance of the one-loop closed string 
amplitudes [Oj. Nevertheless, the modular invariance of higher loop closed string amplitudes 
remains to be broken ^01- Thus, the higher loop amplitudes for non-critical string models can 
not be constructed in a self-consistent way. 

The difficulties of non-critical string models are related mainly to the closed string sector. In 
the perturbation theory with respect to the closed string coupling constant gd the contributions 
from this sector grow with energy very rapidly ~ s"^ g'^"' In"" (s) . Such behavior in the case of 
hadron-hadron interactions is not compatible with the s -channel unitarity. So one expects that 
once a relevant summation over n being performed, the high asymptotics of the amplitude is 
reduced to A ~ s. It is reasonable to omit initially the closed string sector taking into account 
also, that gd is quadratic in the Yang-Mills coupling constant g and for Nc ^ oo the open 
string terms in the amplitude are enhanced comparing to closed string ones. Thus, we consider 
here the contributions to the production amplitude only from the open string states in crossing 
channels leading to the Mandelstam cuts for the elastic t -channel partial wave (pj{t) in the 
angular momentum plane j = 1 + u. 

In the discussed model the gluon trajectory u(t) is given by the perturbative expansion 

uj{t) =a't + ui{t) + .... (1) 

where Unit) ~ g^'^ are radiative corrections, and the Regge slope a' is a reversed square of an 
characteristic mass scale. Below the correction uJi{t) ~ g"^ to the trajectory is also taken into 
account. This correction is calculated from one-loop diagrams for the scattering amplitude. 
One-loop non-planar diagrams contain also a contribution destroying the unitarity, but the 
correction to the Regge trajectory appears only from the planar graphs, where the problem 
with the closed string sector does not exist. Providing that —a't <^ 1, the loop correction 
in the D = 4 case has the infrared divergency ~ g'^Ncln{t/X'^) which is cancelled with the 
contribution from the massless particle production. For —a't > 1 the radiative correction to 
the Regge trajectory has a complicated form. 

An important difference between QCD and the string model is related to the role of in- 
termediate states with relatively large masses: (a')^^ ^ <^ s for produced resonances. 
These states are absent in QCD. In the string theory the large mass states are responsible for 
the appearance of the graviton contribution to the elastic scattering amplitude in the one-loop 
approximation. Further, the impact factors for the reggeon-particle scattering vanish for planar 
diagrams as a result of integration over large masses. In particular, it leads to the absence of 
the Mandelstam cuts in the color octet channel. In QCD the cancellation of these cuts for 
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the t-channel with gluon quantum numbers is provided by another mechanism related to the 
so-called bootstrap relations for scattering amplitudes [TT] . 

The large mass kinematics is responsible also for the additional term in the kernel of the 
BFKL equation corresponding to the soft pomeron contribution. It is important, that in the 
considered string model even in the tree approximation there is a colorless state in the t-channel 
with vacuum quantum numbers and a positive signature. In upper orders of the perturbation 
theory its Regge trajectory is renormalized. At small t this state mixes with the Mandelstam cut 
constructed from two reggeized gluons. The radiative corrections to its trajectory are calculated 
from ladder diagrams in the t-channel. The s-channel imaginary part of scattering amplitudes 
appears from the intermediate states in the above considered kinematics with relatively large 
masses: {a')~^ -C -C s for produced resonances. Physically the j-plane singularity with the 
vacuum quantum numbers in the tree approximation corresponds to the soft Pomeron which 
can exist together with the hard BFKL Pomeron. 

Similar to the perturbative QCD, we restrict ourselves to the region g'^Nc\Ti{s/M'^) ~ 1. 
However, in the string case, the region ln(s/M^) ^ 1 is possible also because the Regge 
slope a' = has no g"^ smallness. Some important properties of the BFKL equation are 

related to this fact. In particular, we obtain that for —a't 3> g'^Nc its solution is concentrated 
near the saddle point q±/2 for the reggeon transverse momenta k±. For D > A the fluctuations 
of this momentum are small A{k±—q±/2)'^ ~ In o^'s) and therefore the transverse momenta 
of the emitted gluons are also small \kj_\'^ < a'{lna's)~^. In the same time there are no similar 
restrictions on transverse momenta of the virtual gluons entering in the loop corrections to 
the gluon Regge trajectories. It means, that the contribution from the multiple saddle points 
ki± ~ g/2 is suppressed by the reggeization effects. 

The paper is organized as follows. In Sec. 2 the BFKL approach to the perturbative QCD 
is briefly reviewed. In Sec. 3 the superstring model which will be used later is introduced. In 
Sec. 4 the calculation of the multi-Regge asymptotics of production amplitudes is presented. 
In Sec. 5 the BFKL-like equation for the superstring model is derived. Also the vanishing 
of the impact factors for planar diagrams is demonstrated. In more details this problem is 
considered in Appendix D. In Sec. 6 the calculation of the BFKL kernel is performed. In 
Sec. 7 the equation for the case D = 4 is discussed. Among other things, it is explained why 
in the space-time D = 10 the non-Regge kinematics contributes to the Regge asymptotics of 
amplitudes. In Sec. 8 the solution of the BFKL equation at small values of a't is constructed. 
In Sec. 9 an algebraic approach to this problem is developed and integrability properties of 
similar equations for composite states of several open strings in the multi-colour limit including 
a relation with the Heisenberg spin model are discussed. Appendices A, B and C contain some 
details of calculations. 

2 BFKL approach in the perturbation QCD 

As it was mentioned already, in the perturbative QCD the BFKL Pomeron appears as a com- 
posite state of two reggeized gluons [T] . The gluon is reggeized as a result of summing radiative 
corrections to the Born amplitude Asom for the colored particle scattering AB A'B' in the 
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Regge kinematics of large energies \/s and fixed momentum transfers q = \f—i 

(2) 

where ABom is given below 



Asorn ^2sg T%j, (5a,, A. - g ^'b K,Xs , ^ , T^'] = i U'd (3) 



and j — 1 + u!{t) is the gluon Regge trajectory known in two first orders of the perturbation 
theory 

Uj{t)^UJi{t)+UJ2{t) + .... (4) 

The trajectory contains logarithmic divergencies cancelled in the total cross sections with 
the contributions from the production of soft gluons. For example, in one loop approximation 
we have 

where A is a gluon mass introduced for the regularization of the infraredly divergent integral. 
On the other hand, the amplitude for the production of n gluons with momenta kr in the 
multi-Regge kinematics 

s > = {kr-i + kr f > , (6) 

has the factorized form 

A ^2sgT2,AK,x/-^9TtM^2,q,f-^gTt^,fi{^^^ , (7) 

where the effective vertex C(g2, ?i) for an emission of the gluon with a definite helicity is 

C(?2, qi) = , ki = qi-q2. (8) 
ki 

Here we introduced the complex coordinates 

Qr = qr +'iqr , kr = k^ + i k^ (9) 

for transverse components A:^ of gluon momenta. The contribution to the elastic scattering 
amplitude from the intermediate state having a gluon with the momentum ki is proportional 
to the expression 

C(?2, qi) C*{q',, q[) + C*{q2, qi) Ciq'^, q[) (10) 

and contains the pole The integration over ki cancels the infrared divergency in the 

gluon Regge trajectory appearing in the virtual corrections to the production amplitudes. 

It is convenient to present the elastic amplitude for the colorless particle scattering in the 
form of the Mellin representation 

pa+ioo 

A{s,t)=ts s-f^(t), (11) 

J a—ioo Z TT % 
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where f^^ (t) is the t-channel partial wave analytically continued to the complex values j = l + u 
of the angular momentum. The amplitude A{s,t) contains only the contribution from the t- 
channel state with vacuum quantum numbers and the positive signature, corresponding to the 
BFKL Pomeron. A positive value of the parameter a in the above representation is chosen 
from the condition, that all singularities of fuj{t) are situated to the left from the integration 
contour. 

The t-channel partial wave fuj{t) can be expressed in terms of the gluon-gluon scattering 
amplitude /^^(gi, q2] q) integrated with the impact-factors q — qi) 



-9 ) = \2 2( ^/TTT^^T ^fM,<l2;q)- 12 

27r^ qtiq-qiY J 27r^ qi [q - q2r 



The impact-factors of colorless particles vanish at small gluon momenta 

<l>(0,g) = $(g,0)=0, (13) 

which leads to an infrared stability of g^). The partial wave fuj{qi,q2',q) satisfies the 
BFKL equation P 

^ fMi^<i2\q) =^ f^{qi.q2]q) - ^^^^^(gi,g2;g) ■ (14) 

Here /° is a non-homogeneous term corresponding to the impact factor. The hamiltonian H is 
an integral operator, which can be defined by its action on the Pomeron wave function /(pi, pv) 
in the coordinate representation 



H =ln|ai|2 + ln|92|' + TTljrln \pi2? d,d; \pu\^ 9^92-4^(1), (15) 

C1C2 O1O2 

where \l/(a:) = (lnr(a;))' and we introduced the complex coordinates and momenta 

d 

Pr = Xr + iyr , C^r = , Pl2 = Pl - P2 ■ (16) 

OPr 

The hamiltonian has the property of the Mobius invariance, which allows us to find its 
eigenf unctions ^] 

Em,m{pU P2; Po) = [ —] , (17) 

\P10P20J \Pl0p20j 

where 

m = - + + m = - + - - (18) 

are conformal weights. 

The high energy asymptotics of the total cross-section is parametrized by the Pomeron 
intercept A 

at ~ (19) 
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In the leading logarithmic approximation we have 

A = -^E, (20) 

where E = —8 In 2 is the ground state energy of the Hamiltonian H. Therefore the cross- 
section at violates the Froissart theorem at < cln^(s). In the next-to-leading approximation 
the cross-section grows also, but not so rapidly (see [Sj)- 

To verify the gluon reggeization one can use the s and w-channel unitarity constraints and 
dispersion relations to calculate by iterations the scattering amplitude with the color octet 
quantum numbers in the t-channel jl]. In LLA it is enough to consider only the multi-Regge 
kinematics for intermediate particles in the direct channels. In this kinematics the production 
amplitude has the multi-Regge form ((71). The reggeization hypothesis should be in an agreement 
with the s- and u- channel unitarity. This requirement leads to the so-called bootstrap relations. 
The simplest bootstrap relation corresponds to the statement, that the scattering amplitude, 
obtained from the solution of the Bethe-Salpeter equation for the wave function of the composite 
state of two reggeized gluons in the octet channel should coincide with the Regge pole anzatz for 
the amplitude constructed in terms of the reggeized gluon exchange. In the momentum space 
the equation for the t-chanel partial wave f^{k ,lf — k) with the gluon quantum numbers 
has the form 



2 + P Svr^ ^ i 27r + {if - + 



where the gluon mass A is introduced with the use of the Higgs mechanism to regularize the 
infrared divergencies. 

It is obvious, that in an accordance with the bootstrap requirement the solution of the above 
equation corresponds to the Regge pole anzatz 

f^(t, lt-t) = ^J—-, , (22) 

q + X^ uj — uj{— q ) 

where u{—lf'^) is the gluon Regge trajectory. 



3 String model 

In the string and superstring models the scattering amplitude in the tree approximation satisfies 
the duality requirement: namely, the sum over the resonances in the t-channel related to its 
Regge asymptotics in the s-channel is equal to the (analytically continued) sum of resonances 
in the s and w-channels: 

A{s, t, u) = Ais, t) + A{u, t) + A{s, u) , A{s, t)=Y.j^ = Y. ^ • (23) 
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The particles with squared masses equal to ti and integer spins j = ji lie on the linear Regge 
trajectories 

J = Jo + a't , (24) 

where jo and a' are their intercept and slope, respectively. The slope a' is universal for all 
excitations of the open string. For the closed strings it is equal to a'/2. As for intercepts, in 
the critical dimensions D = 2Q for the bosonic string and D = 10 for the superstrings, they are 
integer or half-integer numbers. In particular, for the intercepts of the leading bosonic Regge 
trajectories, corresponding to the massless vector (V^) particle - "gluon" and tensor (T) particle 
- "graviton" we have respectively 

j^ = l,j^ = 2. (25) 

We put Jq = 1 also for the D = 4 model to leave the gluon on the trajectory. The "graviton" 
is absent in this case, instead one has a non-physical cut in the j -plane. 

The Regge asymptotics of A{s, t) in the dual models appears as a result of summing over 
the poles in the s-channel. Really at large s the contributions ~ with integer values of k 
are cancelled and we can substitute approximately the sum over i by the dispersion integral 

1 r/s' 

A{S, t)^- — — 53A(s', t) , S' = S{i) , ^A{s\ t) = TTCiit) . 
TC Jo S — S' 

It agrees with the Regge asymptotics A{s,t) ~ (— s)-'^*-' providing that ^5^4(5,^) ~ s^^^\ 

In the Born approximation there are only stable particles in the intermediate state, but 
with taking into account loop corrections these particles acquire the widths due to their decay 
into lower mass states. As a result, 53A(s, t) has the 5-like singularities only for a finite number 
of stable states and the amplitude is a smooth function for large values of s. The function 
A{s, t) ~ s^^" * can be expanded in the series over the parameter a't and one can interpret the 
corresponding term of the expansion ~ s (In s)"(a't)"/n! as a contribution from the production 
of n particles in a multi-Regge kinematics. In QCD such a non-perturbative contribution 
uj{t) ~ a't to the Regge trajectory could appear from the integration region ~ ^qcd the 
loop corrections of the type of (0). In this case the common factor t would lead to the linearity 
of the trajectory at small t. 

To begin with, let us consider the Born amplitude for the tachyon-tachyon scattering am- 
plitude in the bosonic string theory 

./ X 9 r(— af-s)) r(— a;(t)) /X , , 

^ = 9 rf A ( \\ ' " ^ = 1 + « ^ 26 
T{—a{t) — a[s)) 

where for simplicity we omitted the Chan-Paton factors. Asymptotically one obtains 

jnn A{s, t) = -g^ a'sr{-a{t)) {-a'sf . (27) 

This result corresponds to the Regge asymptotics described by the reggeized gluon exchange 
in the t-channel. For other colliding particles there are additional factors depending on their 
spins. They are related to different residues for the corresponding Regge pole. Note, that the 
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effective vertices for reggeized gluon interactions in QCD were obtained also from the string 
amplitudes in the limit a' — [T^ . 

For the superstring models the multiplier T{—a(t)) in is replaced by T{—a't), which 
leads to the absence of the tachyon pole at a't = — 1. At small momentum transfers both 
models give the same amplitude for the massless vector boson scattering. Taking, however, 
into account that one should sum over other intermediate t-channel states for the scattering 
amplitude with arbitrary momentum transfers, it is natural to consider only the superstring 
model where the tachyon disappears from the spectrum. The Regge limit of the superstring 
scattering amplitude is given in the end of this section (see 

As it was said in Introduction, we use the Ramond-Neveu-Schwarz version of the open 
superstring model. In this model the interaction vertices are calculated in terms of the scalar 
superfield X*^(z,'(9) where 2; is a world-sheet coordinate and 'd is its superpartner. Here M 
labels the space-time coordinates, M = 0, 1, . . . , (D — 1). The vertex V{z,{}; k,C,) for the 
emission of a massless vector boson with its momentum k = {/c^^} and polarization vector 
^ = {^A^} is given below HHI 



ikX 



(28) 



where kX = kM^^^ {z,{}) and ^DX = D{z,{}) X^ {z,'d) are scalar products of the corre- 
sponding D-dimensional vectors. As usually, the relation k^ = is valid for polarizations of 
external vector bosons. In the contrast to the string tradition, in this paper we use the " mostly 
minus metrics" ab = aofeo — b . The covariant super-derivative D[z^{}) appearing in is 
given below 

D{z,^)=d, + ^di,, (29) 

where is the "left" derivative in d. Note, that the gauge invariance ^ — > ^ + cfc of the 
amplitudes is valid due to the relation 



dzddDe 



-ikX 



0. 



(30) 



The superfield vacuum correlator i^X^^ {z,-d)X^ {z' in super-coordinates for z > z' 
equals 



X'^{z,d)X''{z',d') 



2a'r7*^^ln(^ 



hiiz 



z — z' 



(31) 



where rj^^ is the space-time metrics. The massless boson tree amplitude is obtained by inte- 
grating the vacuum expectation of the product of the vertices Vj fOHj) over {zj, 'dj). The variables 
{zj,i)j) are assigned to the vertex for an emission of the boson carrying the momentum kj and 
polarization ^j. In the amplitude we do not integrate over three of coordinates zj using the 
integrand invariance under SL{2, i?)-transformation. To conserve this symmetry after fixing 
the variables {z^^\ z^'^\ z^^^) one should include in the final expression the additional multiplier 



r{z 



(1) ^(2) .(3)^ 



(Z«-Z(2))(^(l)_^(3))^^(2)_^(3))^ 



(32) 
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leading to an independence of the Born amplitude from the choice of these variables. 

Thus, the open string amplitude An{{kj,^j}) for the interaction of n massless bosons in a 
tree approximation is given by 

M{k„^A) = T.Tir)A^:\{kv^A) , (33) 

(r) 

where each a term corresponds to an ordering of the parameters zj : {(r) : Zj^ > Zj^ > ■ ■ ■ > 
Zj^} and the sum is taken over the configurations, which are non-equivalent under the cyclic 
transmutations of indices jr- The coefficient T(r) is the Chan-Paton factor j3] for the given 
color group. Further, the expression A^'^\{kj,^j}) is the integral over [zj^-dj) from the vacuum 
expectation of the product of interaction vertices multiplied by the factor r(zj^, Zj^, zj^): 



n-l 



•' s=3 

X (^d^,,V{z,„^,,; . . . d^,„V{z,„, ^j) , (34) 

where 6{x) is the step function: 6{x) = 1 for a; > and 6{x) = for x < 0. 

Since the correlator (j3ip is singular at z = z', the integral (j34|) is convergent only in a 
certain region of invariants constructed from external particle momenta. Each of the terms 
^n'^ in ()33|) is calculated for such signs of the invariants where it is convergent, and the result 
is analytically continued to their physical values for the production kinematics. The integrand 
in (j34j) contains some contributions which do not contribute to the final result because they are 
total derivatives in integration variables. One can make their cancelation explicit using the fact, 
that the integrand in the superstring case is invariant under the SL{2, i?)-SUSY transformation 

z = f{~z), ^ = \/^(^ + ^(^)) y) ' ~z = z + Mz), (35) 
where e{z) and f{z) are given below 



r \ /? , X ff \ (^z + h df{z) 1 
e{z)=(3z + 6, /(-) = ^, V^ = ^- ^''^ 

Here a, b, c, d are bosonic parameters and /?, 5 are their Grassmann partners. Note, that the 
superinterval is transformed in a simpler way 

z-z' -m' = Q-\z, ^)Q-\z', (^z - z' - M'^ , (37) 

where 

Q-\z,^) = D{zJ)^. (38) 

Also, one can verify that 

D{z,^) = Q{z,^)D{zJ). (39) 
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An appropriate transformation (jHSj) of the integration variables in ()34|) allows us to extract 
an explicit dependence from two dj, which gives a possibility to perform the integration over 
these variables. This symmetry is non-splitted because it mixes the Grassmann variables to 
bosonic ones. Note, that the step function factors in (j34j) lead after the symmetry transfor- 
mation to the 5 -function type terms which are multiplied by expressions vanishing in the 
kinematical region where the integral is convergent. To avoid the consideration of such terms, 
one can explicitly fix 5 variables (3|2) among all coordinates {zj\dj) using the super-S'L(2, R) in- 
variance. After that the integrand is multiplied by a supersymmetric generalization of the above 
factor r{zj^^ Zj^, zj^) [1^] (for details see Appendix A). It is convenient to put {Ij-^ = 'dj^ = 0. In 
this case the generalized factor r is {zj^ — Zj^){zj^ — zj^). Thus, expression (jHH) is replaced by 

/n— 1 

s=3 



X {V{zj,,0; kj^,^j^)V{zj^, 0; kj^, ^j^)di9j,,V{zj^,i9j^; kj^, ^j^) . . . di»j„V{zj^, ^iJ J ■ (40) 

Using relation for the vacuum expectation of the product of vertices (|^. one finds 
finally 

^n\{kj^Q) = ^""^(^ii - ZjJizj^ - ZjJ / e{zj^ - Zj.^)d(j)j^d(j)j^d(f)jji^j^ X 



(41) 



\s=3 

X exp 



2a' di D(zi ) — ik^ Iff,- D(zi , ) — ik,: 1 ln(z,- — Zi — ^-i "dj ) 



m>n 



where "t^j^ = dj^ = 0. The additional Grassmann variables (f)j^ are introduced for each of the 
vertices 

V{z, k,0= [ c^0e('^«^-^'=)^ . (42) 



So, the tree amplitude is presented by expression (jHSl), where A^\{kj,Q}) is given in eq. 
(jHj). Note, that under an anti-cyclic permutation the amplitude A^p{{kj, ^j}) receives only the 
factor (—1)". Provided that three variables are fixed 1 and Zj^ = 0, one can 

verify this property with the use of transformation for the integrand in ()41|) choosing the 
functions f{z) = Zj„_Jz and e{z) = - z{^j^_^ - ^j„)lzj^_^. 

The Chan-Paton factor in (fH^ is given by 

T(r) = trace[Xj^ . . . XjJ , (43) 

where is a color matrix for the corresponding group generator in the fundamental represen- 
tation. Below we discuss the oriented string, for which are f/(n) -matrices in the fundamental 
representation. In this case 

trace{XrXs) = Srs, ^{Xj)ab{Xj)cd = SadSbc ■ (44) 
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Hence 

KK = '^trace{XrXs\j)\j ■ (45) 
j 

We take Ai = I j \fn as the f/(l)-generator and the matrices A2, . . . , A„ as generators of the 
SU{n) group. They satisfy the following relations 

X 1 1 

-[ArAs — Xs^r] = ^ frsjXj , -[A^A^ + AgA^] = Srsfl + ^ drsjXj , ^ djjg = . (46) 

j j j 

Obviously, the tensor d is symmetric in two first indices drsj = dgrj and the structure 
constants frsj are completely anti-symmetric. Furthermore, fisj = 0, duj = djri = 0, and, in 
addition, drsj is symmetric in all indices provided that both s 7^ 1, r 7^ 1 and j 7^ 1. Besides, 



dsij = y'^/iT'Ssj when 57^! and j 7^ 1. We obtain also 

drsjdrsl = X! frsjfsrl = " ^jl^ll] ■ (47) 

r,s r,s ^ 

Below in the Regge kinematics (s ^ — t ~ m^) we calculate the amplitude ^(14] describing 
the scattering a + 6 — >• a' + 6' of the vector massless particles (gluons) with momenta {p\ = 0). 
The corresponding kinematical invariants are s = {jpa + 'PhT = ij>a' + 'Ph'Y and t = {pa— Va'Y = 
{Pb — Pb'Y- The gauge is chosen to be = for i = a, a', b, b'. In the Regge limit the amplitude 

A'f^? is (cf. m) 



(4^ 



where the color index ji refers to U (n)-quantum numbers of the particle carrying the momentum 
Pi. The spin structure described by the polarization vectors {i = a, a', b, b') corresponds to 
the conservation of helicities for each of colliding particles. Various terms in ()48|) are associated 
with different Regge contributions. Their quantum numbers are the SU{n) singlet (with the 
signature "+") and two adjoint S'f/(n)-representations (having the dimension n^ — l and the sig- 
natures and "-"). Note, that in QCD the Regge asymptotics of the scattering amplitude in 
the Born approximation contains only a contribution with the negative signature, corresponding 
to an exchange of the reggeized gluon. The contribution from the positive signature with octet 
quantum numbers appears only in upper orders of perturbation theory. Nevertheless, for large 
Nc the Regge trajectories with opposite signatures coincide each with another. The degeneracy 
of these t-channel states is important for the duality symmetry between the colorless composite 
states with different signatures ^Zj . As for the Regge contribution with vacuum quantum num- 
bers, it also takes place in QCD only in upper orders of perturbation theory and corresponds to 
the BFKL Pomeron. Its appearance in the superstring model already in a tree approximation 
can be considered as a manifestation of the soft Pomeron having a non-perturbative nature. 
When n = Nc is large, one can neglect this soft Pomeron contribution in expression (j48p . 
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To derive the above asymptotic behavior of the scattering amphtudes in the superstring 
theory we used the relation 

A,^A,^,e-*'^("'*-+^) + Xr^K, = -5.,.^.(e-^'^("'*-+i) + 1) + E t^r,.,sA.(e-^'^("'*-+^) + 1) 

n g 

+ Y.fnr,sXs{e-^''^''''^^^'^-l), (49) 

s 

which follows from Note, that the soft pomeron contribution appears also for the Chan- 
Paton factors corresponding to the colour group 0{n). Moreover, in the one- loop approximation 
its Regge trajectory does not contain ultraviolet divergencies for n = 32 and D = 10 18j. In 
this model the gluon Regge trajectory uji(t) is finite is given below (see Appendix B) 

/I ^\ ^1 / L \ 

^— rfz/2(sin7rz/2)' \l^J + ' 

where = 32, and 

L of- A"(l-A")^ 
^ ^1 (1 - 2A" cos 2-nv2 + X^"Y ' 

" n (i_2A" cos27rz/2 + A2")2 ' ^^^^ 

If we consider only a contribution of the planar diagram, the low limit of integration over 
A in the above expression is zero and the gluon Regge trajectory contains the logarithmic 
divergency at small A, which can be removed by a renormalization of the slope a' in the Born 
amplitude ^Hl- In a similar way for the SU{n) group we have 



uJiit) = -8g'Nj — / rfz/2(sin7rz/2)2 (t^) (1 + ^i)"' " 1 
Jo A Jo LVl + Li/ 



(52) 



where n = is the number of colors. 



4 Particle production in the multi-Regge kinematics 

Similar to the QCD case for string models the contribution of the ladder diagrams Fig.l is 
factorized in the multi-Regge kinematics. This factorization was verified for the boson string 
theory ^H] and it is valid also for the superstring models. We are going to calculate the kernel 
of the BFKL equation with the use of the s-channel unitarity by integrating the square of 
inelastic amplitudes over the intermediate particles in the multi-Regge kinematics. 

In particular the diagram Fig. lb describes the production of one additional resonance with 
a fixed mass and momentum k — k'. In this diagram the initial particles have non- vanishing 
color quantum numbers whereas usually the solution of the BFKL equation for the gluon-gluon 
scattering should be sandwiched between the impact factors for the colorless colliding objects 
to avoid infrared divergencies. Note, however, that the integral kernel of the BFKL equation 
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for the Pomeron wave function does not depend on quantum numbers of initial particles. To 
take into account a tower of the intermediate string states for the middle line on Fig. lb we 
find in this section the multi-Regge asymptotics of the amplitude for the tree diagram Fig. 2. 
Then we calculate the sum over residues in the poles over the particle invariant mass k"^ and 
integrate over other kinematic variables to obtain the BFKL kernel. 

As far as a large number of colors n is considered, only planar diagram contributions are 
important and the kernel is proportional ton = N^. In the multi-Regge kinematics the momenta 
ki, ^2, kf, fcg on Fig.2 are almost collinear. Their space components are opposite in sign to the 
corresponding components of the momenta /C4, k^, k^, k^. 

To each particle with the momentum kj, the string coordinates zjj'&j and the color matrix 
\j are assigned. It is assumed that zs < z-r < zq < < Z4 < < Z2 < zi. We fix five 
variables: Zi = 00, Z2 = I, zg = and {}i = {^2 = 0- In amplitude (jH^ one should sum over the 
contributions of the diagrams which can not be obtained from one configuration by cyclic or 
anti-cyclic transmutations of gluon indices. We should take into account also the Chan-Paton 
factors T^~^^ 

' -L 'fjT' (XiCG- l^'^T'g ^^Vj ^^Tq ^^T^ ^ "^^3 '^^^2 '^^^1 ^ '^7^5 '^^6 ^^Vy ^^Tq ^^Vy '^7'2 '^^3 '^^^4 ] ' ^ ^ ^ ) 

To calculate the kernel from Fig.2 only contributions having poles in the invariant k"^ are 
essential. There are 16 diagrams of such type corresponding to the configuration 

{ki = q[ , k2 = -Pa') , {k?, = -Ph' ,ki = q'2) , {k5 = -q2,kG=Pb), = Pa , kg = ~qi) 

(54) 

and those obtained by the interchange {kj ^ ki) inside each of the above brackets, which 
leads to the signature factors. As it was pointed out already, Pa,Pb and pa', pv are momenta 
of the initial and final particles, respectively. The momenta gi, g2, and ^2 correspond to 
intermediate particles. Obviously, for the calculation of a discontinuity of the elastic amplitude 
the relations q'^ = —qi and 53 = ~'l2 are valid, but temporally we distinguish between qi and 
—q'i performing later an analytical continuation in the invariants {k + qi)"^, {k + q2Yi {k — q'l)"^ 
and {k — gg)^ to their physical values. In the multi-Regge configuration the momentum k on 
Fig.2 obeys some kinematical constraints. Namely, the quantities /c^, k'j_ and {k^Y in the cm. 
system are assumed to be much smaller than the energy invariants s, Si and S2. Integral (|4ip 
for each of 16 diagrams is calculated in the kinematics where it is convergent, and subsequently 
the result is analytically continued to the physical region of the reaction. 
In expression several polarization structures arise, but only the term 

As {^i^2m3^4m^e){Us) 

contributes to the multi-Regge asymptotics of the tree amplitude for Fig.2 

As = g'AT^^^ (^16) (6^4) (6^6) (^7^8) , (55) 

where the polarization vector C,j is associated with the momentum kj and the Chan-Paton 
factor T^^^ is given in eq. (j53|) . Fixing the parameters as follows: zi = 00, Z2 = 1, Zs = and 
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= '&2 = 0, one obtains from eq. PT|) 

BBe{l - z^)e{zj)d§-jd§^ dz7 



A 



(Z3 - 2:4 - 1^3l^4)iz5 - Zq- ^95^5) (2:7 - ^=3 

Here the pre-factor B is given below 



(56) 



B 



— 2:4 
2a'(fc3A;; 



~ ^6 



^3 - Z7 



^3 ~ ^8 



Z4 - Zs 



1 + + + MMi) ,,,, 

2^4 — Z5 2^4 — Z4 — 2^7 

1 + 2^:(M£),,,, + MMi) ,,,, + MM5) ,,,3 



2^5 ~ 



2:5 - ^7 



^5 — Z^ 



1 H WfiW? H VeVs 



+ ^^-^^^6^97 + 

Zq — Z-j Zq — Zs 



1 + MiiM,,^3 



^7 — ^8 



(57) 



and the expression B coincides with the integrand for a muhi-tachyon scattering amphtude of 
the boson string theory: 

B= n (^m - ^n)-'"''™'" . (58) 

2<m<n<8 



Similar to the case of bosonic strings [20] one concludes from eq. that in the multi-Regge 
kinematics the essential values of parameters are 



^3^0, 2:3 = 2:4 + X, 25 = 26 + 1/, x/zq^O, y / Zq ^ , Zj / Zq ^ . 

In this configuration of variables the expression for B is simplified as follows 



(59) 



B 



X 



2a'k-ik4,„~2a'kr^kQ -2a'k7ks -2a' (k3+k4){k7+ks) ~2a' {kr,+ke){kT+ks) 

y z-j 24 2g 



X (z4 - 2g)-2"'(fc3+fc4)(fe5+fc6) gxp 2a'k2k^x + 2a'k2k^y + 2a'k2{k^ + A;4)z4 



+2a'k2{k^ + ^6)2:6 — 2ak3kj^^ + 2a'k-j{k3 + ^4) — — 2a'k^h 



zj 



ZiV 



^2 
24 



Z4 



+2a'krik5 + ke)—- 2a'k^{kj + A;e8)— - 2a'fc5(^7 + ^s)- 

2:4 Zq 

In the multi-Regge limit we have 

^2(^3 + ^4) -^2(^5 + ^e) kik , A;7(A;3 + ^4) -k7{k^ + /cg 

/c3(A;7 + fcg) -A;4A; , k5{k-j + fcg) -A;gA; . 



(60) 



kiik . 



(61) 



The integral is convergent in the following kinematical region of invariants 

k2ks < 0, k2kr^ < 0, k^kr > 0, k^k^ > 0, k2{ks + k^) < . 
krik^ + ke) < , k3{k7 + kg) > , k^ikj + kg) > . 



(62) 
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We redefine the variables as follows 

^4 Zq Zj 
^4 — „ ,, /, , , N 5 — > „ —TT 7 ^7 



-2a'k2{h + h)' 2a'k2{h + h) ' [2a'k2{k3 + k^)][2a'k7{k5 + k^)] ' 

X y 

^ ~^ -2a'{k2ks)' -2a'{k2k,) ' ^ ' 

The asymptotics of A in expression ()55p can be written as follows 

A = GA{t5Q7s, ''^34785 '^34, i^56, '^12, ^78) , (64) 

where the factor G collects all large energy invariants, and ^4(^5678, fi^^, ^3478, ^34, ^56, ^12, ^73) de- 
pends only on fixed transverse momenta. We define the energy invariants Sj and Sjk as follows 

= ((A;i + ky ^ 2{k,k) , S23 = -2ik2k3) , S25 = -2ik2k,) . (65) 

Then the expression for G in (jMj) has the factorized form 

G = (-«'si)"'*^^+^(-«'s7)"'*^«+'(-«'s4)"'*^^+'(-«'s6)"'*^''+' , (66) 

where the fixed invariants are 

ti = {ki + kjy, tijim = -{ki + kj + ki + kmf . (67) 

Note, that we have the kinematical constraint 

^3456 + ^3478 + ^5678 = ^12 + ^34 + ^56 + ^78 • (68) 

The fixed invariant in is given below 

= a'siSi/s2z = a'siSQ/s25 = «'[(A;°)^ - A;j|) , (69) 

where /cy is the longitudinal component of the momentum k. To simplify the last factor in ()64|1 
one can use the following relations valid in the multi-Regge kinematics due to eqs. 



{k^k'j){kQks) - {k^ks){kQk'j) = ^ 



iik5 + kG)k7){{kG-k5)ks)) 



+ {{k5-ke)k7){{ke + k5)ks)) 



^ {hh) [^5678 - he - - t^] (70) 



and 



{k4k7){k3ks) - {kAk^){k:>,k7) = ^{k3ks)[U378 - Us - Us + /t^] • (71) 

After redefinition (jUHj) of variables in expression with the use of above simplifications 
one can perform the Grassmann integrations. As a result, the last factor in (jMj) turns out to 
be 

poo poo poo pZ4 

A{t5e7s,i^'^,h478,t34,he,ti2,t7s)= dx dy dz^ j BsVbdzQ, (72) 

Jo Jo Jo Jo 
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where both Bg and Vb depend on integration parameters and external variables. The expression 
for Vb is the same as in the bosonic string model, and the pre-factor Bg arises due to the 
superstring modifications. Explicitly, 



Vb 



X 



-a'tiiy-a't^fi ^-a'trs ^-a'[t347S-t34-t7g] ^-^a'[ts,G7S-t56-tTs] _ ^^^-a'[t3456-i34-t56] \^xyZj\ 



-2 



X exp 



-\x + y+ ^2 



Z4 — Zq + 



Zq Z4/ 



Z4 Zq 



(73) 



The integrals in (|7^ are defined for < 0, and 

Bg = _ 

«'[^5678 ~ ^56 ~ ^73] ~ 1 



2 

a'tu + l)ia'he + l)(a'i78 + 1) + + a'^ae + + a'Ue] 

Z^Zq 



-y'^Zj{at34 + 1) 
-x^z^{a%e + l) 



a'[^3478 - hi - ^78] + 1 



xzjzl 



2:4 



(74) 



In expression ()72|1 one can perform easily the integration over the variables x and y 



^(^5678, 1^ ■, ^3478, ^34, ^56, ^12, 



78 J 



r(-a't34)r(-a't56) 

^g7ri(a t34+a ^^^'^ J [t^^-j^ ^ ^ ^3478, ^34, ^56, ^12, ^78) , (75) 



where the factor /(t5678; ^3478; ^34; ^56; ^i2) '^78) IS obtained from eq. (f7^ . Its form can be 
essentially simplified as it is shown in Appendix C. Below we present the final result using in 
addition the fact that the calculated amplitude is symmetric under an interchange between the 
left and right parts of the considered diagram (see Section 3). Thus, taking into account the 
relation ti256 = ^3473 eq. (f73jl can be written as follows 



^(^5678) /t^) ^3478) ^34 5 ^56? ^12 5 ^78) 



r(-a'ti2)r(-a't78)e"^("'*i2+"'*™) 

X-^(^5678, ^^^5 ^3478, ^12, i':78, ^34, tbs) 



(76) 



where 



/(t5678,«:',t3478,tl2,t78,t34,t56) = {t^)-'-'^r,-a%,-2 j rf^rf^rf/g-^- 

"'^12^/(1 - Z) 

f + yz - K^{1- z) 



xz 



a'ti2 + a't78 — «'i3478(l — z) + 



, cy't7sfil-z) , ■ 
+ — r + z-{f + y) 



y + fz- fi:^(l - z) 



(77) 



Here all integrations are performed from to oo. The above expression is convergent at < 0. 
For the factor in a front of the integral we choose the condition arg = — vr. Really the phase 
arising in this case, is compensated by a similar phase in (j76p and A is real for k < 0. 
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The final result is obtained by summing the contributions of 16 diagrams listed in the 
beginning of this Section, every term being analytically continued from the kinematical region 
where the corresponding integral (PT|) is convergent. Taking into account the spin structure 
for each diagram and relations (jHH), (EHl) and (fTB)) . we derive the following expression for 

A(f) 

X 5Z *^»'i,''2ji(^12)-^r-3,r4,j2(^34) -^rsirg J3 (^56)-^r7,r8,j3 (^Zs) 

^-^V'ltjl- 73,74-^(^5678) f^'^^ ^3478) ^12, ^78; ^34, he) ; (78) 



where 
and 



^iitij3,i4 = irace[Xj,\j^Xj,Xj, + X^X^Xj-^Xj,] ■ (80) 

For the group U{n) the index enumerates color states of the particle carrying the mo- 
mentum ki defined in fl54j) . After an analytical continuation we put Si = ±sj and S4 = isg. 
In a similar way, I(t^Qjs, k^, ^3473, ^12, ^78? ^34? ^se) in (HEl) is calculated using a similar continua- 
tion of expression (j77|) to the region > 0. This procedure is performed by the replacement 
k'^ ^ + iS with S — >• -|-0. We have also the condition k^^^ > 0, and therefore due to (jHH), 
our prescription corresponds to the Feynman rule for going around the singularity. After the 
analytic continuation the factor in front of the integral turns out to be positive. 



5 BFKL equation in the string model 

Omitting the impact factors of colored particles in the left and right hand sides of the contri- 
bution of the diagram Figl.b one can obtain expressions for higher order ladder diagrams by 
iterating its interior part. To find the BFKL kernel in the considered string model, one should 
calculate from expression (f75j) its contribution to the t-channel partial wave for the scattering of 
massless particles. Also one-loop correction uji{t) ~ g'^Nc to the trajectory ((T)) should be taken 
into account (see (j^Uj) ). Thus, a'tji in (fTSj) is replaced by the expression a'tji +uji{tji). Due to 
the presence of non-planar diagrams, the one-loop correction to the singlet trajectory differs 
from that for the octet case. However, assuming that the number of colors is large, below we 
neglect this difference. 

The contribution to the t-channel partial wave from the diagram Figl.b is given by the 
Mellin transformation in Ins applied to the imaginary part of the amplitude. To calculate it 
one should find in eq. (fTSj) the sum of residues for the poles in the variable a'k'^ and integrate 
the result over a relevant phase volume. Initially we put q[ = —qi, = ~Q2, fi = ''^8; = 1^5, 

= ^8; ^4 = ^5 summing subsequently over indices ri, r4 and polarization states ^1 and ^4. 
The poles are situated at a'k"^ = m, where m is an integer number changing from to 00. 
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Below we denote by /, /' the transverse momenta of two neighboring reggeons and by q the 
total momentum transfer related to the corresponding invariants as follows 



With these definitions, in (fTSj) is given below (cf. 

= a'[k^ + (/ - /')'] , = tl234 = t5678 • (82) 

The multi-Regge kinematics implies, that the inequalities si/k"^ ^ 1 and s^/k"^ ^ 1 are 
fulfilled. The integration over this region leads to the singularities of the t -channel partial 
wave at CO = j — 1. Here j is the total angular momentum. The contribution F^'^\uj; q^) to the 
t-channel partial wave from the diagram Figl.b including the correction to the trajectory uJi{t) 
dH) is given below 



F^'\u:- q')= j d''-'lK,r^,, r.,rM, ina'l')Tia'{q - lf)e- 



ri,r2,r3,r4 

-i. t(+) T / s-^-^ds / 

X J d^'-H'lUq; I, /')(« S4)"^«'^')^^«^-''^')+'5(a'siS4/s - a'kl - m)^r„ry,r,,rM I') • (83) 

Here 

/3(g') = «V-cui(V), (84) 

and D is the number of space-time dimensions. The quantity Ijn{q',l,l') is the residue of the 
pole at a'fc^ = m in the integral /(tsers? z^^? ^3478; ^12, ^78? ^34; ^se) appearing in expression (f7H|) 
(see also definitions (jH2))- Further, s{m) is the low energy cut-off: s(0) = Sq for m = and 
s(m) = so'^m for m > 1. In this case = m + a'kj_. We impose the condition a'so ^ 1 
because the production amplitude is known only in the multi-Regge kinematics. The cut-off is 
introduced to have a possibility to verify that the non-multi-Regge kinematics is not essential. 
The factor TJ^^^^^^ is presented in eq. dHHI) and 

^ra,r^/,ri,r4 (Q') ~ iCaCa') ^2/,)^' 1 (^12)-^7-a,r,r4 (^78) ; 

^rt,ry,r2,r3{q'J') = iCbCb') (^27]-)-D-l r(,, ,r,r2 (^34)^ ri„r,r3(^56) , (§5) 

where the function JF is defined in fl79|) . Expressions ()85p are massless state contributions to the 
impact factors. The total impact factor for the planar diagram Figlb being the sum of a tower of 
string states is equal to zero, which can be verified with the use of the quasi-elastic asymptotics 
of the production amplitude (for more details see Appendix D). Its vanishing ensures the 
cancellation of the Amati-Fubini-Stangelini cuts in the j-plane for the planar diagrams. 



n , , °° /-co /-oo ^q, Aa, 

y rji +) / -7-1 J / CLbiUbi I 



/3a2)-/3((g-02)+2 
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Once the integration over s, si and S4 being performed, eq. ljHjj) is represented as follows 

r^. -r-r, ^ . ^ 



X 



4f27r)^-i J 



xT{q;l,l')^r„r,„r2,r,{q;n- (86) 

Here 

Tiq;l,l') = S!^\q;lJ') + S^iq;l,l') (87) 

and, in turn, 



s^{q- 1, n = E (C)-^-"''-'^'^''-'^'-"'^''^'-"'^^-'^'+'4.(g : ^ n , 

Si'>\q-l,n = a'{Klr^%{q;l,l'). 



m=l 



In this expression the factor Im{q'J,l') is the same as in eq. (jHSl)- We remind, that the 
quantity = m + a'k'j_ coincides with on the mass shell a'k'^ = m {m is an integer 
number). Expression (jHBj) is correct only in the domain where it does not depend on the cut-off 
So, which means, that the power of Sq in this expression should be much smaller than unity. In 
an accordance with eq. (jHBj) . it is convenient to present the contribution F{u] q^) to the partial 
wave as a sum of contributions of the diagrams Fig.l starting from Fig. lb written in the form 

n^:<f) = -mS^^ S /rf^-^//rf^-¥l>.„,.^„.,.,(g;/)r(a72)r(a'(g-/)2) 
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The particle-particle-reggeon vertices $ contained in eq. ()89|) can be extracted from eq.( 
Omitting these vertices in eq. (|H^. one can verify that the amplitude Rr^r2r3r4,{^^', Q'JJi) for 
Fig.l obeys the BFKL-like equation 

(U + + /3iq - lf)Rr„r2,r„rA^; Q', /, ^l) = Hq : I, lMtLr^,r2 



4(2 



TT 



TJTI j '^^'HQ'JJ')YlTj:^)^.^^Rrr'r3r4i^',<l'J',k) 



X 



■7ri(a'(«')2+Q'(5-Z')2 



(90) 



where the summation over (a, a') is associated with the signatures for the corresponding tra- 
jectories having their color group quantum numbers denoted, respectively, by (r, r'). So, a, a' 
are for a positive signature and 1 for the negative one. 

The number of colors is considered to be large and therefore one can neglect the color-singlet 
reggeons in (j89p . In this case rj,r, r' coincide with color indices of the corresponding adjoint 
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representations. Because a and a' take values and 1, the expression inside the large square 
brackets in eq. is equal to 4. Using eqs. (jlBj) and (jHUj) one finds that 

r 

So, T^^y^^^^^ annihilates the singlet state. Furthermore, 

Rr,r,r,rA^-, q\ I, h) = 2fi'\q; I, h)6r,rAr'/n + fi'\q; I, li)fl.%^ , (92) 

where f^\q'J,h) and f^\q]l,li) are partial waves for the vacuum channel and for the state 
belonging to the adjoint representation of the SU{Nc) group, respectively. 

Using expression (plj) one can derive, that the partial waves f^'^\q; I, h) with s = 0, 1 obey 
the BFKL-like equation 

+ a'l' + a'{q - if - - uJr{-{q - ifM'Kco; q; I, h) 

= T(q;l,l,) + -0l^J Tiq;lJ')fi^\q;l',h)d''-'l', (93) 

where cq = 1 and ci = 1/2. The integral kernel /(g; /, h) is calculated in the next Section. 

6 Integral kernel 

With the use of (jHHj) one can verify, that the massless state contribution to / (f77j) is given by 

S!^\q; I, I') /a' = [a' {I - r)2]-W^^W(,-0^ j dfdye-^y+f^ j.'{V?-iy^'{i-i'?~i 

X [/ - a' {I - I'f - 26]-"''' - a' {I - I'f - ze]-"' 



-Q!q' + a'{l'Y + a'{q - I' 



[/ - a'{l - Vy - It] [y - a'{l - I'f - it] 



(94) 



The integral in the above expression can be written in terms of the Whittaker function 
W\^fj_{—K^ — it) defined as follows 

/•oo 

J(a, h-z)= e-H%z + tfdt = z^'^^'^'^e'l^Vih + l)W^(fe_,)/2,(a-fe+i)/2(^) (95) 



which has the following representation 



J{a,b;z) = z^+^+^r{a + l) ^^ '^^ <l>{a + l,a + b + 2, z) + r{a + b+l)<^{-b, -a-b, z) (96) 

as a linear combination of the confiuent hypergeometric function $(a, b, z) 

^ , , , a aia + 1) , , „, 
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Indeed, we obtain for Iq 



/\2i 



xJ{a'{l'y - 1, -aT; -a'{l - /') )^(«'(? - " 1, - 

-a7V(a'(r)' - 1, -a'l^ - 1; -a'{l - l'f)J{a\q - I'f, -a'{q - if 
-a\q - lfj{a\l'f, -a'P; -a'{l - l'f)J{a{q - I'f - 1, -a\q - if - I 
-J{a'{l'f, -a'f; -a' {I - l'f)J{a'{q - I'f - 1, -a'{q - if 



-a' {I -I'f) 
-a' {I -I'f) 
-a' {I -I'f) 
-a'{l-l')^) 



-J{a'{l'f - 1, -a'V- -a' {I - l'f)J{a'{q - I'f, -a'{q - if; -a' {I - I'f) 



■ (98) 



To calculate the massive state contribution S{q; I, I') to the kernel (jH7|) it is convenient to 
change the integration variables / — > k^/, y K?y in expression (j77j) . As a result, the factor 
being a power of is extracted from the integral 



-^(^5678, l^^i ^3478, ^12, i^785 ^34, ho) OL 



r(w + a'/2 + /)2) 



1 



dfdydvv' 



w+a'P+a'{q-lf-l -K.^{y+f+v) -a'k'^-l 



V^{z, /, y; g, /, + -[^ + oc'f + - /)' - m{z, /, g, /, /') 



(99) 



where Vi{z, /, y; q, I, I') does not depend on 



V^{z, /, y; q, I, I') = /«'(0^-i^«'(.-0^-i(i _ ^)a',^-.'(O^-«'(.-O^r"''^r"'(''-0^ 



X 



^1 ?2 

+ a' {I'f + a'{q - I'f + a'f + a'{q - if - a' {I - /')'](! - z) - a'P 



-a'iq - If - a'f-il - z) - a'iq - ifUl - z) + z 

qi q2 



V^{z, /, y; q, I, I') = p'iir-^ii-ir-i^i _ 



a'q'^^OL'(l'f-a'{q-Vf -a'fi ~a'{q-l? 

vi y2 



A{^-z)-U + y)] 

In these expressions we denoted 

qi = f + yz - {I- z) - ie, q2 = y + fz - {1 - z) - ie, e , 



(100) 
(101) 

(102) 



where e — >■ +0. In integral (jU^ the residue in the pole at fc^ = m depends on m only through 
the exponent exp[— m(/ + y + v)] multiplied by the derivative d^~^V(^i){z, /, y; q, I, l')/{m — 1)! 
calculated at 2; = 0. Therefore after summing the residues over m we obtain 



E e-^^^+^+'^^Sr V(.)(z, /, y; q, I, l')/{m - 1)! 



m=l 



z=0 



V,{e-^f^y^^\f,y;q,l,l') 
-V,{OJ,y;q,l,l'). 



(103) 
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Thus, the quantity Si^{q; I, I') can be written as follows 

S^{q; I, I') /a = — — ■ — — — 

T{lj + a'l^ + a'{q — 1)^) 



dfdydvv 



X 



xe 



[V,[e'^S+y+^\ f, y- q, I, I') - V,{0, /, y; q, I, I')] 



1 



+ _[^ + a'P + a\q - if - l][V2{e-^f+y^^\ f, y; q, I, I') - ¥^{0, f, y; q, I, I')] 

V 

Integrating the last term in ()in4|l over v by parts we obtain 



(104) 



Suj{q;l,l')/a' 



1 



dfdydvv' 



uj+a'P+a' {q~iy^-l -a' (l-l'f(y+f+v) 



T{uj + a'P + a'{q - If 

X 

X [/ + ye-^-y-" - (1 - e-f-y-"") - ^e]""''' [y + /e"^"^-" - (1 - e^^^J^"") - k]""' 



xB{e 



f, y- q, I, n - V,{0, f, y- q, I, I') - a'{l - I'fV^iO, f, y; q, I, I') 



(105) 



where 



B{z, /, y; g, /, I') = -a'{l - I'fU + y) + a'fy + a'{q - iff + [a\q - I'f 



+a'{l'f - a'q^' 



zjf + y) 

1-z 



a'Pfyil - z) 



o^\q - Iffyjl - z) 

f + yz - {1 - z) - ie y + fz - {1 - z) - ie ' 



(106) 



Really the leading contribution to p05|) arises from the region of small integration variables. 
In particular, it results in a pole at a; = a'q"^, as well as in a Mandelstam cut term. To find 
the main part of ()105|) we cut from below the integration variables in eq. fll05|) by a parameter 
A <^ 1. Then from eq. ()106|) . one can obtain, that the leading contribution to is given by 
the expression 



T{uj + a'P + a'{q-lf) 



SUq;l,l')/a' 
xy"^'^ \v + f + y) 



dfdydvv^ f 



,1^ fa'{l'f~l 



a'{l'fa'{q - l'f{uj + a'l^ + a'{q - lf)_ 



, (107) 



where the pole term arises from two last terms in ()106|) . 

To calculate the integral p07j) the integration region is divided into 6 domains: v > f > y, 
v>y>f,f>v>y, f>y>v,y>v>f and y > f > v. In the first domain we replace 
initially y ^ fy and then f vf. As a result, the f -dependence of the integrand turns out to 
be 9 . Integrating it over v we observe the pole at u = —a'q^. The similar procedure is 
performed in each of the rest domains. As far as, in addition, the expression uj+a't^+a^q—lf is 
implied to be small ~ 1/ Ins, the factor exp[a'/^+Q;'(g— /)^] in (|107p should be replaced by unity. 
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For the same reason T{uj + a'P + a'{q-lf) = T{l+uj + a'l'^ + a'{q-iy)/{uj + a'P + a'{q-iy) ^ 
l/(a; + a'l^ + a'{q — lY). Using these simphfications expression ()107|) is given below 



[a'q'^ — a't^ — a'{q - 




- a'il'f 


- a'iq - 


I'f 


X 


F{a'{l')\a'{q~ 




- a'il'f 


- a'iq - 


I'f 


+F(l-aV,tt'(g- 




- a'(r)2 


- a'iq - 


I'f 


+F{l-a'q\a'{r 




a'il'f - 


a'iq - I'] 





'1081 



where 



F(a,6,c)= I'df ['dyr+'-\l + f + fyy-'[y'~' + y^-'] 
Jo Jo 



oo 



= V ^ fl09) 

„or(c-m-n)r(m+ l)r(n+ l)(a + m)(6 + n) ■ ^ ^ 

One can verify that at small momenta a'g^ ~ a'P ~ a'l' <^ 1 the first term in the large square 
brackets of eq. (|108|) gives the main contribution 

c,s.n,.. ; - a'l' - a'iq - lf][a'q' - a'il'f - a'iq - I'f] 

= a'iu; + a'q-)im<l-l'f ' ^ ^ 

Expressions fllOSp and piOj) are correct in a neighbourhood of the pole and of zeros of the 
numerator with the deviations being ~ 1/ Ins ~ Ncq'^. As far as the numerator does not vanish 
at + a'l'^ + a'iq — lf = uj + a'l'"' + a'iq — I'f = 0, it contributes to both the Mandelstam cuts 
and the pole at = —a'q'. 

The pole at = —a'q' corresponds to the soft Pomeron which exists already in the Born 
expression for the elastic amplitude. Relatively large masses 1 <^ a'M^ <^ a's of produced 
resonances contribute to this pole. Therefore in the box diagram Fig. la we expect a pole of the 
second order from the integration over large masses of two intermediate s-channel resonances. 
This second order pole appears as a result of the perturbative expansion of the Pomeron Regge 
pole over the one-loop correction uoiit) ~ g'. In the two-loop approximation, corresponding 
to Fig. lb, we should have the third order pole with the residue proportional to uj\it). In this 
diagram, apart from the pole (jllOj) there is a product of two pole singularities l/iuj + a'q') from 
the integration over the large masses of resonances produced in the fragmentation regions of 
initial particles. In the multi- Regge kinematics one obtains also the poles l/iu + a't'+a'iq — lf) 
and 1/(0; -|- a'V + a'iq — I'f) leading after the integration over I and /' to the Mandelstam cuts 
(we put here / = and /' = k'^). Because the residue of the pole (jllOp in the BFKL kernel is 
small due to the smallness of the expressions in the square brackets, it cancels approximately 
the neighboring poles depending on / and /' and therefore one can attempt to extract from the 
contribution for Fig. lb the third order pole being the second order term in the expansion of 
the soft Pomeron pole in Uiit). 
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Indeed, let us present the numerator of the pole in eq. ()110j) in the form 
[aV - a'^' -a{q- if] [a'q^ - -a'{q- /')'] = [uJ + a'l^ + a'{q - [uj + a' {if + a'{q- /')'] 



[uj + a'q'^] UJ — a'q^ + a't^ + a\q — lY + o'l''^ + Ci\q — I'Y 



(111) 



Then the second term in the right hand side of this equality, killing the pole l/{uj + ot'q^) in 
()110|) . contributes only to the Mandelstam cuts. As for the first term in ()111|) . it corresponds 
to the second term of expansion for the soft Pomeron pole. Indeed, its numerator cancels 
the neighboring propagators for Mandelstam cuts. Therefore the corresponding integrals over 
the relative rapidities lnsi2 and lns23 are convergent for the large invariants S12 and S23. So, 
we should calculate these integrals exactly without simplifications corresponding to the multi- 
Regge kinematics. It is plausible, that as a result of such calculation the pole in expression 
()11U|) together with additional poles l/(u; + a'q^) from two impact factors would reproduce the 
total one- loop correction ~ ul from Fig. lb in the second order expansion of the Pomeron pole. 

The first term in (|111|) is important also for a cancellation of the singularities in (jllUp at 
(Z, V) — >■ and (/, /') — *• q leading to a convergence of the corresponding integrals over the multi- 
Regge region. In addition, it has a non-trivial funcional dependence containing both poles and 
cuts in uo. So, for the investigation of the BFKL equation in the D = A model we use the whole 
expression ()110|) without neglecting the soft Pomeron pole. Simultaneously, we add a piece 
from the non-multi-Regge kinematics. 

For a general case of the ladder Fig.l one can perform a decompositions similar to (jlllll 
for each kernel. The contributions appearing from the first terms in the right hand sides of 
()111|) correspond to the particles produced in a non-multi-Regge kinematics. The form of 
production amplitudes in this region can not be extracted from our above results. Probably 
this contribution corresponds to a geometric progression appearing from an expansion of the 
soft Pomeron pole in uJi{t). 

Presumably one can represent the partial wave as follows fu}{—q^) as 



where the first term corresponds to the soft Pomeron contribution in the form of the geometrical 
progression and the term {—q^) results from the multi-Regge kinematics. In principle there 
can be a more complicated situation with an interference between the Regge pole and cut. 

7 BFKL equation in the D = A string model 

It follows from the above discussion that the singularities of the t=channel partial waves arise 
from the region where uj + a'l'^ + a'{q — I'Y ~ 1/lns. For D > A after the integration 
over the region a'V^ the corresponding contribution is suppressed by powers of logarithms 
~ (Ins)^^'^^'*^/^ for each produced particle, which leads to a possibility to find the solution of 
the BFKL equation as a series in this small parameter. In principle, it is not excluded that 
for very large energies the number of produced particles grows so rapidly, that the averaged 
pair energies s^^k+i for these particles are not so large to justify the saddle-point method of 




(112) 
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calculations of the integrals. In this case the BFKL equation which sums contributions from 
the multi-Regge kinematics could have non-trivial solutions even for D > 4. Here, however, 
we restrict ourselves to the D = 4 case hoping to return to the discussion of other values of 
D in future publications. Moreover, only the amplitude with vacuum quantum numbers in the 
crossing channel is considered. 

At D = 4 the BFKL equation has a non-trivial solution in terms of the function f^\q; I) 
defined by the relation 

fL'\q;l)= I fi'\q;l,hmq;h)d\, (113) 



where is an impact factor. Generally the solution contains contributions from non- 

planar diagrams. 

One loop correction uJi(t) to the gluon trajectory for D = 4 ^ has the form 

coiit) = ~'-^HqyX^)+Jr\q') (114) 

where the first contribution corresponds to massless states in the t -channel and the second 
term non-singular at = appears from the massive string excitations (cf. expression (jS)) in 
QCD). 

To begin with, let us discuss the region of small t, where a'q"^ ~ g'^Nc- In this case for D = 4 
the small gluon virtualities a'l"^ ~ g'^N^ ~ a'll')"^ ~ g'^N^ are important. For such momenta I 
and /' the pole contribution (jliup dominates in Si^{q : /, /') and the singularities of the t-channel 
partial wave are situated for small g"^ a.t u ^ g"^. Because the infra-red divergencies in the 
integral kernel are cancelled between the contribution from the real particle emission and one- 
loop correction to the Regge trajectories, the factor [(1 — 1')'^]'^^°' ' ^'^^'^ in the right hand side 
of eq. (jUH|) can be omitted. Hence, from expression (jMJ we obtain the following contribution 
to the kernel (j77|) corresponding to the massless state production 

" ' ^ {l'f{q-Vf {l-VfiVf {l-VY{q-Vf ^ ' 



Expression ()115|) coincides with the corresponding result [TT] in QCD. The massive state 
term in ()114j) is expected to vanish at t — 0. So, the radiative correction to the gluon trajectory 
for small momentum transfers / and q — I also can be approximated by the QCD expression 
(0). As a result, the BFKL equation (jUHj) for the vacuum channel at D = 4 and a'q^ ~ g'^Nc is 
drastically simplified 

+ aT + a\q - mf^\q, I) = $(g; + {s^^\q ■ ^ 0/^ , 



(/ - ly 



I' _^ (9 - I f 



37r3 J {uo + a'q'){l')\q-l'f 

where the contribution from Fig. la is also taken into account. 
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In eq. flll6p we performed a relevant subtraction of the Regge trajectory contribution to 
obtain the integral kernel in the BFKL form (cf. jl]), and the expression for Sj^^q : 1,1') is 
given in pi5|) . Equation ()116p differs from the BFKL equation in QCD only by terms linear 
in squared gluon momenta at its left hand side and by an additional pole term ~ l/{uj + a'q^) 
in the kernel. The terms ~ and ^ {q — lY improve the properties of its kernel at / — * oo. 
As a result, unlike the QCD case in LLA, eq. (jll6|) is expected to have a discrete spectrum at 
nonzero values of q^. 

Comparing the large-/ behaviour of the left and right hand sides of eq. pi6p we conclude, 
that the linear terms in the gluon trajectories in eq. ()116|1 lead to a constant behaviour of 
f^\q] I) aX I oo. As a result, the integral 



hu>{q) 



e\q;,i'yi 



(117) 



(//)2(g_//)2 

in the last term on its right hand side is divergent. Taking into account, that this term plays 
role of an additional inhomogenious contribution to eq. ()ll(j|l we present f^\q] I) in the form 



^7r3(cj + a'g2) + a'P + a'{q - 1)^] ' 



(118) 

where huj{q) is given by ()117|) . while f^\q]l) and f^\q]l) are determined from the equation 
(below Fio)(g; /) is denoted either by /^(g; /) or f^^\q- 1)) 



[^ + a'l' + a'iq-lf]Fi'\q;l) = ^q;l) + 



(/ - ly 



I' 



+ 



{q~i? 



[(/ _ //)2 + (//)2] [(/ _ //)2 + _ ^/)2] 



ST{q:l.l')F!^'\q:J') 
F!^'\q-,AdH'. 



(119) 



Here for F^^\q] I) = f^\q; I) we have 



■l(,;0=/5rto:'.o'°'^'-°'!y-°''^-'?Vr 



2 7/ 



(l - /') 



{q - If 



uj + a'il'Y + a'{q-l'Y 

[aV - a'P - a'{q - If 



+ [{I - I'f + {q ~ I'YW iu + a'P + a'{q-lf 

andforFW(g;0 = /(°)(9;0, 

$(g;0 = <J>(g;0- 

Using ()118|) and pi7|) one obtains h^{q) as the solution of a linear equation 

[g2 -P-{q- If] 



where 



P{cu,q' 



Kiq) 



9^ 
87r3 



to + a'q^ 



uj + a'q^ — (3{lj, q^) 



P{q-lf 



/3o + 



_ /2 _ _ /)2] 



212 



i2<A2 [oj + a'P + a'{q - lf]P{q - If 

[q' - I' 



fL'\q;J)d'l.. 



(120) 



:i2r 



+ 



P{q-lf 



(^-^%)(g;,/)ci^/ 



:i23) 
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We subtracted the logarithmic divergency from the second term in the brackets assuming 
that subtraction term is added to the quantity /3o determined by the integration region a'k"^ ~ 1. 
So, /?o depends also on the non-multi-Regge configurations, leading to the renormalisation oji 
of the soft Pomeron Regge trajectory. This conclusion follows from expression (j86p for the 
production cross-section, where the kernel dependence from the cut-off Sq is essential, and from 
our discussion of eq. It is natural to expect that /3o ~ 1. So, the solution of eq. 

depends on the additional parameter [3q. The equation oj + a'q^ = /3(a;,g^) allows to find 
the Regge trajectories . In addition, one can conclude from ()123|) that (3{ijj,q^) contains the 
Mandelstam cuts in the tu-plane. 

In the region g'^N^ -C a'q^ <^ 1 the asymptotic behaviour of the scattering amplitude is 
related to singularities of the integral / f^\q; ,l',h)d'^l' near u ~ — They appear from 
the kinematics, in which the solution of eq. ()116|) is concentrated at I = q/2. Let us introduce 
the new momenta v and v' according to the definition 



l = q/2 + v, I' = q/2 + v', 
Leaving only leading terms, eq. ()94|) is simplified as follows 

[a'{l - /')2]-+"'gV2 



{v'r<^q\ 



(124) 



(125) 



where / — /' 



v'. The numerator in 



is different from unity only in the region 



a' {I — I'Y < Sq/s. Due to eq. for a massless intermediate state the value of in 
the multi- Regge kinematics si, S2 > sq ^ 1/a' is restricted by the condition > sl/s. 

However, according to the generalized Gribov theorem the gluon production amplitude for 
the momenta ^ l/a' is also large in the quasi-elastic regions si < 1/a' and S2 < I /a' and 
equals to the elastic amplitude multiplied by a bremstrahlung factor (see for example PT]). 
Therefore the integral over is not bounded from below by Sq/s being infraredly divergent. 
As usually, this divergency is cancelled with the contribution from the virtual corrections pro- 
portional to the gluon Regge trajectories. Thus, we substitute by unity the numerator in (jl25p 
and represent the massless contribution to the gluon trajectory correction as follows 



+ 



+ " 



(126) 



Here / and v are related according to eqs. (jl24|) . Performing the expansion in v in the right 
hand side of eq. one can write it as follows 



[u + a'q^/2 + 2a' + 



[V — V 



/^2 



^^^''Hq^/Uv')]f^\q-v,v,) = $(g;g/2) 
2v^ 



47r2 



2il 



(127) 
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The impact factor in ()127p is taken at / = g/2 because it is expected to be a smooth function 
of / near I = q/2. For a'q"^ > 1 the radiative correction (0) to the gluon trajectory at a small 
momentum transfer should be replaced by uji{t) taken at t = — Thus, the final equation 



valid for both restrictions g'^N^ 
substitution u — * ^j~>'{<f) where 



^ a'q^ ^ 1 and a'q^ > 1 is obtained from (jl27|) by the 



uo + 2 



-4'")(-gV4) + ^ln(gV4A^ 



:i28i 



The corresponding quantities are defined in eqs. (0) and pi4|) . Note, that the infra-red 
divergency at A ^ in the last term is cancelled with a similar divergency in the right hand 
side of eq. p26|) at v' ^ v. 



8 Solution of the equation at small momentum transfers 

At g 7^ the integral kernel of the BFKL equation for the string theory at D = 4 is non- 
singular at small momenta. In this case one can expect that for the t-channel partial wave the 
cut aX oj = ojq disappears, and instead of a fixed singularity of fuj{,(f) in the cu-plane there are 
only Regge poles. Here we demonstrate this phenomenon in the case of small values of a'(f, 
where there exists an analytic solution of the equation in the Z) = 4 string theory. The pole 
contribution to the kernel corresponding to the soft Pomeron will be neglected. 
In the domain of relatively small q^ 

af<^g^Nc. (129) 

one can divide the region of possible values of p"^ ^ k~'^ into two subregions ~ and ~ 
a'{g'^ Nc)~^, where p = pi2. In the first subregion one can use the conformal (Mobius) invariance 
and the eigenfunction in the mixed representation coincides with the Fourrie transformation in 
the cm. coordinate po from the function ~{pi, p2; po) (fTTj). Its asymptotics at small p^ has 
the form 

^^,^.(9"-,/?) ~p"^(p*r + — ^'^p'-™(p*)'-'^, (130) 

where 

e^'^,7J'^ - f_ir I^MV'" r(m+i)r(m+i) 

[4) Uv r(-m + |)r(-m + |)- ^'^'^ 

For simplicity we consider the case n = 0, where 

-[4) T^{l-zu) ^^^^^ 

and the wave function for small \p\ 

E^,m{q,P) ~ m'-^''" + e*''-™^'^ IpT"'*" . (133) 
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After the Fourrie transformation to the momentum space we obtain 

^{Ik) = / d'pe'^^E^,M:P) ~ |^A|-=^-^- + e^^M \k/q\-'^''\ (134) 

where 

_ ,4.. r^(i + ^^)rH-^z.)r(|-zz.) 

r2(i-zz/)r(-i + ^z/)r(| + ^z/)- ^'''^^ 

On the other hand, in the region ff ~ k~'^a'{g'^ Nc)~^ one can put = and after the 
redefinition of the wave function and its argument 

k) = \k\-^ (Piz) , z = ln(Q;'P) (136) 

the BFKL homogeneous equation in the string model can be written as the Schrodinger equation 

E(t> ^ H(t> , uj ^ -^—^ E, HBFKL{id/dz) + Xe' , (137) 

where 

47r2 

HbfklH = ^{iiy + 1/2) + ^{-iiy + 1/2) - 2V'(1) , A = — - . (138) 

9 

The analogy with the Schrodinger equation is especially fruitful in the diffusion approxima- 
tion, where 

HBFKL{id/dz) = -4 In 2 - 14 C(3) {d/dzf (139) 

has the form of the non-relativistic kinetic energy. The potential energy Ae^ grows rapidly at 
large positive z and therefore the wave function should tend to zero in this region 



lim0W~exp(-2^^.^/=). (140) 

For z — oo the potential energy vanishes, which agrees with a possibility to neglect the string 
effects at small /c^. In the momentum representation 



m= e^'''<t>{z)dz, (141) 

J —oo 

where p — id/dz, the BFKL equation is reduced to the equation in finite differences 

{E-HBFKL{p))4>ip) = Mip-i)- (142) 

The function (p{j)) can have the singularities (poles) only in the upper semi-plane. It is analytic 
in the lower semi-plane to provide a rapidly decreasing behaviour of 4>{z) at 2; — > +00. The 
positions of the poles is given below 

=Po + ir, (r = 0,l,2,...), (143) 
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where the possible values of po satisfy the equation 

Hbfkl{po) = E. (144) 
For example, in the diffusion approximation, where 

E-HBFKLip) = E + A\n2-UCi3)p\ (145) 
the solution of the above recurrent relation is 



up to a periodic function satisfying the relation (po{p) = (j)o{p + i). We should substitute this 
function by a constant 

4>o{p) = const, (147) 

because in an opposite case for p ±ioo the wave function does not decrease sufficiently 
rapidly due to the additional factors ~ exp(=p27rip). Indeed, for 4>o{p) = 1 the normalization 
integral 







E+i In 2 ^ 
14C(3) ) 




sinh 




sinh 





dp\Mp)\^= dp -, , , — ii^^ii-^ , (148) 

is convergent at p — > ±oo. Moreover, for 0o(p) = 1 the wave functions (j){p) with different 
E are orthogonal. Note, that the integrand ()148|) contains the poles. After their appropriate 
regularization it leads to the (5-function ~ 6{E — E') in the orthonormality conditions. 
Let us go to the z representation 

/e-^^0(p). (149) 

For large positive z the contour of the integration over p should be shifted in the lower semi- 
plane up to the saddle point situated at 



14C(3) ; " V V 14C(3) j V 27r2 ; 

«.ln(^(zp)^7C(3)^) . (150) 
We can estimate 0(2;) by the value of the integrand in ()149|1 at this point 

(t){z) e"*^"" 0(p) ^ exp -2 



^""^ e^" 1 (15r 



in an accordance with eq. p4()|l . 
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At small E + 4\n2, where the diffusion approximation is valid, the solution near the poles 
at small values of p is 

(7C(3)^^iV,/(27r^))-^ 
'^(^)~E + 41n2-14C(3)p2- ('^'^ 

Thus, (p^z) at z = ln(a'A;^) — oo behaves as follows 



E+41n 2 , ^ _• / E+41n2 



^ f 7C(3),^iv. yv^ _ /7C(3)^r'v-w 

By comparing this result with expressions ()134j) and ()135j) for small u in the intermediate 
region a' /{g^N^) <^ ^ we obtain the quantization of the Regge trajectories 



for 71 = and small 

E + 41n2 = 4^^^5^ < 1. (155) 

For comparatively large energies E in the diffusion approximation one can use the semiclas- 
sical approximation near the turning point z = Zo, where 

Ae^o = E + 41n2, A = — - , (156) 



corresponding to the following simplification of the solution ()14fi|l at p ^ V-E" + 4 In 2 

The Fourrie transformation to the ^-representation can be performed with the use of the saddle- 
point method 



■r A N3/22 ^E + 41n2 .7r\ / ., ^ ,3/32 E + 41n2 .7r\ ,^ 

where Az = z — zq. Therefore in the diffusion approximation of small z/ the wave function at 
z —>■ —oo equals 



E+41n 2 / E+41n 2 

14C{3) 



,,).e-W^fZC(2)l!j^yV"«%,w.fZCMl3| ■ (159) 

V 27T^a'k^ J V 27i^a'k^ ' 



and the quantization condition for energies is 

/ i?. + 41n2 / 7C(3)^^iV, 
V 14C(3) 27rW 

31 



2n{r + 1/4) (160) 



for large integer r. 

We investigate below a general case of arbitrary v for small olt without using the diffusion 
approximation. To begin with, one can verify, that here in the semiclassical approach expression 
(jl57|) for the wave function is also valid near the returning point z = Zq^ where p = 0. The only 
difference with the diffusion approximation is an additional //-dependence of the phase biv) in 
(|135p . which leads to the modified quantization condition 

2 \vr\ In (^I^^^ = 5(z/,) + 2vr(r + 1/4) , r = 0, 1, 2, ... (161) 

and the corresponding quantized energies can be obtained from the relation E = Hbfkl{^) 
(see (USHl)). 

To derive an exact solution of the BFKL equation for small a'(f let us introduce the new 
variables 

X = 2a f , x' = 2a{l'f , xi = 2all . (162) 
In these variables the inhomogeneous BFKL equation has the form 



[uj + x]f{x) = ^(x) + c 



\x-x'\ + 4X' 



/2 



x' 



Here j{x) ~ (^{x)l^ is F^^^O;/)/ X averaged over the angle between / and and ^[x) is 
$(0; /)/x averaged over yj. We expect that $(0; /) — *• at a; — *• and ^{x) is finite at x = 0. 

The above BFKL equation differs from that in QCD ^I] by the presence of an additional 
term proportional to x in its left hand side. As in the QCD case, we search the solution in the 
form of the Mellin transformation 

{xr-y'C{cr)-^, <T = iv. (164) 
-ioo Zm 

Similarly, the inhomogeneous term is presented as follows 

/■ioo „ flij 

Hx)= (xr-y^<^,(a)—. (165) 

J —ioo ZTTt 

To obtain an equation for C{a) one collects the terms proportional to x'^. For the contri- 
bution xf{x) the integration contour should be moved to the line 3?cr = — 1 and therefore the 
function C(cr) can not have any singularities inside the strip — 1 < 3? cr < 0. If this condition is 
fulfilled, we have 

C{a - 1) = $i(ct) - [cb{a) + Lj]C{a) , (166) 

where 

b{a) = i/j{a + 1/2) + ^Pi-a + 1/2) - 2^(1) (167) 

and ^/'(x) = d\nr{x)/dx is the derivative of the logarithm of the gamma-function. 
It is convenient to introduce the new variable ^ according to the definition 

a = -i^. (168) 

2m ^ ' 
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In the new variables eq. ()166|) can be written as follows 



C{ie-'-') = - [c6(a) + iu]C{0 , (169) 

where C(^) = C(cr(^)). The calculation of C(^) is reduced to the known mathematical problem 
of finding a function satisfying the requirement, that its discontinuity is proportional to the 
same function. Let us define an auxiliary function (f){a, di) being a solution of the homogeneous 
equation 

0(or - 1, ai) = [cb{a) + uj](P{a, ?i) . (170) 

with $1 being an arbitrary subtraction point, where $ = 1. Note, that the sign in the right 
hand side of eq. ()170|) is opposite in comparison with the sign in front of the corresponding 
term in eq. p66|) . 

The explicit expression for such function is given below 



[a, ai ) = exp 



'■•^ sin7r(CTi — cr) ln[c6(cr') + Co"] (ia' 
too sin 7r(cr' — Bi) sin n^cr' — a) 2i 



(171) 



where it is implied that 3?cr < and 3?cti < 0. At 3?cr > the result is obtained by an analytic 
continuation of ()17H) from the region 3^0" < 0. Furthermore, it is implied, that the solution 
for uj < uq = {g'^Ncln2)/7r'^ can be derived also by an analytic continuation from the region 
u > Uq, where the argument of the logarithm has two zeros situated on the imaginary axes and 
pinching the integration contour at u ujq. 

The integral over a' is convergent at large a' since from (|167|) one obtains 

\nb{a) ^lnln\^a\ (172) 

at $5 cr ±oo. 

Let us show, that indeed expression ()17H1 is a solution of eq. ()17()|1 . The pole at a' = a 
is situated to the left of the integration contour and can pinch only the right singularity of 
the logarithm situated at the zero of its argument. The pole at a' = a — 1 being to the right 
from the contour pinches with the left singularity of the logarithm. It means, that the function 
4){a,Bi) has no singularities in the strip — 1 < Kcr < 0. To verify that solution ()172|1 satisfies 
eq. ()17()j) it is enough to note that after the shift a a — 1 the pole at cr' = cr + 1 of the 
integrand moves to the point a' = a which was earlier to the left from the integration contour. 
The initial and final expressions differ each from another by an additional term in the exponent. 
This term is obtained by taking the residue in the pole at a' = a. As a result, relation ()17m) is 
fulfilled. 

It is useful to investigate the positions of zeroes and poles of 0(cr, ai). Both of them are 
obtained due to pinching the poles 1/ sin ii{a'—a) with the singularities of the logarithm situated 
at zeros and poles of its argument [cb{a') + u]. The poles are situated at a' = ±{n + 1), where 
n = 0,l,2,.... The zeros are situated between these poles. We denote their position by for 
3fto"m > and for 9fto"m < 0. It is obvious, that |9fJcr.*^^| < |3fJcr^~^| for m < n. The function 
0((T, ai) has zeroes at cr = o",^-' — r, where r is an integer or zero for m = 1,2, ... and r 7^ 
for m = 0. Indeed, due to the above discussion a = a^'^ is not a singularity of the exponent. 
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Furthermore, (j){a, ai) has zeros in the right half-plane at a = n + 1/2, where n is an integer or 
zero. The poles are situated in the right half-plane at a = a!^^ + n and in the left half-plane 
at cr = — + 3/2) for n = 0, 1,2, .... Similar to the case erg"'' the point a = —1/2 does not 
corresponds to a singularity of the exponent. In the above discussion we used the relation 

sinvr(ai - a) ^ f ' - \ ^ r ' \ n7QA 

— = cot 7r((T — (Ti) — cot 7r(cr — cr) . (1 ' 3) 



sinvrfai — cr') sinvrfcr — cr 



Using expression 1)1711) one can find for large a = r + iy 

- {\n\n \y \)[iy + r + 1/2] 



[(J,ai) exp 



(174) 



up to a phase independent from a. Here in the essential region of integration a' ^ a we replaced 
the logarithmic function cb{a') + u hj its asymptotic value at a' = a. 

In a similar way one can check that for uj > ujq the solution C{a) of the inhomogeneous 
equation is given by 

C(a) = r ^^'-^'-f ')'^'''^')'''^' , . (175) 

J~ioo 2i(f){a', ai)[cb{a') + uj\ sm7i[a' — a) 

In an agreement with general arguments the continuation of the partial wave in the complex 
plane from the integer points is performed from the region u > ujq. Similar to (|171|) in (|175p 
the conditions < and ai < are assumed to be fulfilled and the expression in the region 
3?cr > are obtained by an analytic continuation. It can be written in the equivalent form 

J-ioc 2i[cb{a') + uj\ sin7r(cr' — a) 

with the same conventions concerning the signs of 3? a and u. 

As in the case of QCD |TI], the leading singularity in the cu-plane is situated at u = 
^0 = (5'^-^cln2)/7r^. It is obtained from the region a' ~ a ^ in eq. p7(jj) . In this limit 
the corresponding denominator is approximated by the diffusion expression uj — uq — a{a')'^. 
Calculating the integral at cr 0, one obtains 



Cia) ~ 1/((T - VIT^^) , (177) 

where the omitted factor has no singularity at small a. Thus, at x ^ the solution is ~ 
^Vt^-a;o-i/2_ QCD there are singularities in both points a = ±y/uj — uq, but in the string 
model only the singularity at a = y/u — uq survives. Another singularity is absent because at 
large momenta the kernel of the equation is non-singular due to the linear term in the trajectory 
on the left hand side of eq. ()163|) . 

In the important case of the leading singularity, where the diffusion approximation 

cb{a)+u;^aial-a^), a = -7C(3) |^ , = -41n2 - a;/[/ 7C(3)/27r2] (178) 
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is valid, the function is given by 



0((t) = a-^Tiao - a)[T{ao + a + 1)]-' . (179) 
It is related to the solution 0(cr) of the homogenious equation as follows 

0(cr) = -7r0(cr)/sin7r(o- + (To) • (180) 

At cij < 0, as it was discussed above, describes the wave function of the particle with an 
energy equal to — ecu, which is rejected from the potential barrier e^. In this case z = \nx, and 
—ia is the momentum of the colliding particle. 

According to (jl76|) . the function C(cr) in (jl64|) determining the solution of eq. (|163p is given 
below 

r((To + cr + 1) J-ioo 2i r((To — cr' + 1) sin7r(cr' — cr) 

In (jl8ip it is implied that 3?cr < 0, and so that the pole at cr' = a is twisted with the right 
side. At 3? (7 > the result is obtained by an analytic continuation in a. Furthermore, in 
p64|) the pole at cr = o"o is on the right hand side from the integration contour. It is solely the 
solution at (Jo > because in this case ()180|1 determines a function of x increasing at a: — > oo. 
At (Tq < the solution is not unique because ()18()j) might be added to ()18H) . In an agreement 
with general arguments one should chose the solution which is an analytical continuation of the 
solution p8H) to the region do < 0. The result is presented by eq. p81|) where the integration 
contour is defined in an accordance with these arguments. 



9 Heisenberg spin model and integrability 

To investigate the region of a'q^ ~ Nc it is convenient to use the conformal invariance of 
the BFKL kernel in QCD (see |23)- In the coordinate representation for the wave function 
describing the composite state of two reggeized gluons with the impact parameters pi and p2 
we have the expression j22I (see (fTTjl) 



\Pl0P20j VP10P2O/ 



P12 = Pi- P2, (182) 



where po is the coordinate of the Pomeron, pr = Xr + ii/r and pi = Xr — iyr are respectively the 
holomorphic and anti-holomorphic variables, prs = Pr — Ps and 

1 7Z 1 7Z 

m = — \- ii' -\ — , m = — \- iu (183) 

2 2 ' 2 2 ^ ' 

are conformal weights related to the eigenvalues of the Casimir operators of the Mobius group 

M'E^~ = m{m - 1)E^~ , M*'E^~ = m(m - 1)E^~ , = "PLt^^ • (184) 

opi dp2 
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Note, that in ()183|) the conformal spin n is integer n = 0, ±1, ±2, ... and the parameter u is a 
real number for the principal series of the unitary representations. 

The operator is related to the generators of the Mobius group M 

M = Ml + M2 , = p,— , M- = — , M+ = -pI— . (185) 

Opr Opr Opr 

The generators satisfy the following commutation relations 

[M^M^]=±M^, [M+,M-] = 2M% [M*^ M*^] = ±M*^ , [M* + , M*"] = 2M*^ (186) 

For the solution of the BFKL equation in the string theory it is convenient to introduce also 
the generators 

iV = Ml - Ma . (187) 

^ — * 

Together with the operators M they produce the Lie algebra for the Lorentz group 

[M\ N^] = ±N^ , [M+, N-] = 2N' , [M^, A^^] = ^A^^ , [M", A^+] = , (188) 

[N' , N^] = ±M^ , [N+ , N'] = 2M' . (189) 
We can find the representation of this algebra in the space of the functions 

(190) 

P10P20 / 

as follows 

M'E^ = i-podo - m)Em , M+E^ = {pldo + 2mpo)E^ , M- E^ = -d^E^ , 

2m — 1 \ (m — Ij^ J m — 1 

(iV+ + 2poN' - plN~)Em = -2mE^„i (191) 

and analogously for the representation of M and on functions 

The BFKL integral operator Kbfkl is diagonal in the (m, m)-representation and its eigen- 
value has the property of the holomorphic separability 

^BFKL — ^m,m ? ^m,m ~ ~\~ i (192) 

where the holomorphic energies are the following functions of the conformal weights m and rh 

em = i^im) + V^(l - m) - 2^(1) , e~ = ^{m) + ^{1 - m) - 2V^(1) . (193) 

In the case of the string theory in the eigenvalue equation for the Pomeron wave function 
/ in the dimension D = 4 we have the additional contribution AKbfkl (neglecting the pole 
term from the soft Pomeron) 

ujf = Kf, K = Kbfkl + AK, AK = -a'f,-a'0i. (194) 
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It is convenient to use the mixed representation {q = pi + P2, P = P12), where the additional 
string contribution to K has the form 

In this representation the Pomeron wave function in QCD can be obtained by the Fourrie 
transformation 

Let us present the solution of the BFKL homogenious equation in the string theory as a 
superposition of the above functions 

d'^ E C^,i^{q)r{m)r{m)E^~{q,p). (197) 

-°° n=-oo 

Here we extracted the factor r(m) r(m) from coefficients C^:^{q) to simplify the relations 
between them. The operators and N*~ act on the functions E^^{q,p) as follows 

AT- TP m{m — 1) / q*'^ \ 

^ ^m,m — 2fYi _ X 1 m+l,rn ~ 4(77^ — m-l.™ ) ' (198) 



N*-E - - '•'y'- \e ~ ^ E ~ fl99) 



m(m — 1) / 
2m- 1 1^ "•'"+^ ~ 4(^ 1)2 

Therefore the function f{q, p) is a solution of the homogeneous BFKL equation in the string 
theory if the coefficients C^~{q) in ()197p satisfy the following recurrent relation 



, f m-2 m-2 ^ ^ m+1 m-2 q*^ ^ ^ 

1^ 2m - 3 2m - 3 i^^^ 2m + 1 2m - 3 4 i^^^ 

m-2 m + 1 ^ m^^j^^^g*^^ ^ \ 

_ 3 2m + 1 4 + 2m + 1 2m + 1 4 4 j ' ^^^^^ 

By introducing the new function 

K^iQ) = (2m - l)-^(2m - 1)-' {q/2f{q*/2r (201) 
one can write this recurrent relation in a simpler form 

+ 1^ + + « (2"^ - l)(2m - 1)0^ -(g) = 
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{{^ - 2) (m - 2) (f)^_^^~_^{q) - (m + 1) (m - 2) </>„+i,^_i(g) 

_ _ 2) (m + 1) (P^_,^^+M + (m + 1) (m + 1) . (202) 

One should add to this recurrent relation the information about the asymptotic behavior of the 
coefficients C^~{q) at large m and m corresponding to \k\ S> |g| investigated above. Note, that 
contrary to the case of small a'(f, considered in the previous section, now the eigenfunctions 
contain a mixture of states with different conformal spins. Expanding 0^ ~ in the basis of the 
functions x^x**" one can reduce the recurrent relation (j2(J2j) in the diffusion approximation to 
a differential equation, which can be solved, for example, by the semi-classical methods similar 
to those used in the previous section. 

In the case of the colourless state constructed from several reggeized gluons the homo- 
geneous equation for its wave function in the string theory is given in the multi-colour limit 
Nc^oo below (cf. [Hj) 

E(f){pi,p2,...,Pn) = H^{pi,P2,...,Pn) , U = -^J^ E , (203) 

where 

H = hUkl + I' tiPr? ^l' = ^^P^ = ^^- (204) 
^1 9 Nc dp^ 

Here H^bf^l has the property of the holomorphic separability 

^BFKL — "'BFKL ^ "'BFKL ) "'BFKL — ''■BFKL i \^UO ) 

r=l 

hsF'KL = ^{rhr,r+i) + " '^r.r+i) - 2^/'(l) , m,. ^+1 (m^^^+i - 1) = -pl^^^drdr+i (206) 

and h^pj^i^ is the local hamiltonian for the integrable XXX model |21] with the spins coinciding 
with the generators of the Mobius group ()185j) . Really we have two independent spin chains 
for holomorphic and anti-holomorphic subspaces. The term ~ in eq. ()204|1 describes an 
additional interaction between these two spin chains because according to p85|l 

{p,f = -am;m;* . (207) 

This term violates the Mobius symmetry for H and leaves only its invariance under translations 
and rotations. Therefore the eigenvalues of H can depend on (f, which leads to the Regge 
trajectories for composite states of reggeized gluons. We do not know, if the corresponding 
Heisenberg spin model is integrable or not. But in the region a'(f <^ g^N^ it is possible to 
apply the integrability of the QCD hamiltonian for calculating the Regge trajectories. Indeed, 
as in the previous section, one can divide the essential momenta in two regions fc^ ~ ^ and 
fc^ ~ 1/a'. In the first region we can use the integrability of the BFKL hamiltonian to obtain 
the wave function of the composite state. For the leading singularity the integrals of motion 
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are quantised and depend only on the conformal weights m,m fl^ 1^ 1^ . Therefore the 
corresponding energy Ebfkl for this leading singularity is a function of these variables 

Ebfkl = E{m,m). (208) 

It means, that for the solution of the equation in the second region k"^ ~ l/a' we can use 
the same methods which were used in the previous section for the calculation of the Pomeron 
trajectory. We hope to return to the problem of finding the Regge trajectories for the Odderon 
and other gluon composite states in our future publications. 
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A Conformal factor for SL(2)-SUSY transformations 

If the fixed variables are {zf\df'')^ (-22*^"* I ''^2'^'*) and zf^ while the superpartner ^ of zf* is not 
fixed, then the discussed factor H{zi'\ Z2 \ zf\df\'d2'\'&) turns out to be [12] 



H{zf\zf\zf\^f\^f,^) = {zr-zT){zf-zT) 



2(4°) -zf) 2(.f-.f; 



When d^f^ = t^j.^'' = ^his factor is reduced to the expression given in Sec. 3 of the paper. 
Refixing the above variables to the new values {zi^\ Z2^\ z^\ ■&i'\'&2'^) can be achieved by the 
following transformations. 

Firstly, both -t^^i^ and ■}}^2^ are pushed to vanishing values. The supersymmetric SL{2) 
transformation (jH^j) . which preserves the variables zi, z^ and 2:3 but adjustes to 'd\ and ^2 the 
zero values, is given by 

where £0(2;) = [i^i{z — Z2) —i!}2{z ~ zi)]/{zi — Z2). Evidently, we have f'{zi)f'{z2) = 1. Secondly, 
by the usual L{2) transformation one changes {zf \ z^2 \ ^3^^) to i^^w values {z^\ z![\ z^^). 
Finally, using the change of variables inversed to transformation (j2)) with preserving the values 
(zi^\ z!f \ z^^) one can give the new values {z^\z2^^) to the vanishing superpartners of the 
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bosonic coordinates 0i'\'&'2^)- To verify that with the factor ((H) the amphtude is independent 
of the values {zi'\ Z2'\ z^\-&f\^'2^) of the fixed world-sheet variables, one should take into 
account that under the F -transformation the integrand being SL{2) covariant, receives 
the factor Qr{z,i)) for each world sheet variable {z\'d), see eqs. and (jHS))- The above factor 
is cancelled by the factor l/(5r(-2, from the corresponding transformation jacobian for all 
variables (^I'f?) except the fixed ones together with the superpartner ?9 of z^\ because the last 
jacobian is different from l/Q-p{z^^'^\'&). One can verify, that these additional extra-factors 
are just compensated by the corresponding change of factor (^. One can also check that the 
amplitude is not changed when another set of variables is fixed. 



B One-loop Regge trajectory for the critical superstring 

The integral for the one-loop amplitude, corresponding to the sum of the planar and non- 
oriented diagrams for the gluon-gluon sccattering 

/•I /•! / 3 \ 
Api,no = 8K J_^ — [J{e{vi+^-vi)dvij R, 

is convergent at A = 18j. In the above expression the integrand is 



(1) 



l,5(z/i-z/3,A)5(z/2-l,A)j \B{v^-v^,\)B{v2-lA)) 



and the function B is given below 

— Qin -m/ I I 

fl - A")2 



. ^ l-2A"cos27rz/ + A^" 

n=l 



The factor K includes the colour matrices T and the products of polarization vectors. In the 
Regge limit —s ^ —t it equals (cf. 



K = Ti^g*NT{a'sf{Ua'miy) (4) 

where = 32 is the dimension of the S'0(32) group. In the same limit the region z/32 = 
j/g — z/2 ~ 1/ (a's) <^ 1 is essential and we have the following simplifications 

5(z/i2, A)5(i/3 - 1, A) siuTTz/i sin7rz/32 . 
7T7 7V7T7 ^ ^ ■ ■ 47rz/32 ii , (5) 



i?(z/i3, A)i?(z/2 — 1) A) sin7rz/2 smTiv^i 

B{vi — l,A)i?(z/23 — I7 A) sinvrz/i sin7rz/32 



(6) 



where 



i?(i/i3, \)B{i'2 — 1, A) sin7rz/2 sin7rz/3i ^ ' 

^ (7) 
i — ZA'"cosz7ri/2 -h A~'"y 
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^ _ ~ / A" sin 27rz/2i A" sin 27rz/2 

^ ~ ^1 V 1 - 2A" cos 27rz/2i + A2« ~ 1 - 2A" cos 27rz/2 + A^" 



^ (1 - 2X^ cos 27ri/3i + A2")(l - 2A" cos 2ttu2 + A^") ' ^ ^ 

Instead of ui it is convenient to introduce the new integration variable 



smnui sin7ri/32 smnu^ sin7rz/2i 

sin7ri/2 sin7ri/3i ' sin7rz/2 sinvrz/si 



with the inverse transformation 



(1 - x) sin7rz/2sin7ri^3 

tanvrz/i = . (10) 

cos Trh'2 sin 7rz/3 — a; cos nu^ sm 7ri/2 



Then the integral can be written as follows 

— / — / dv2 I di^3 sin7rz/2 sinvrz^s sin7ri^23 

-1 \ Jo TT Jui Ji>2 



((1 - x)/2)-"'* (x - 47rZ/32/l) 



(sin 7ri/3 — a; sin tiv2Y + sin tiv2 sin 7rz/3 sin^ 
In the Regge limit the essential region of integration over z/32 is 



l-x = y^ {a'sY^ < z/32 < 1 , z/i ~ — < 1 (12) 



where the integral is simplified as follows 
/•I d\ r(l - a't) /•! 

/-I A TT^ JO ^ TT 



/I oT^ d\T{l-a't) /-i (sin7rz/2)2 1 / 1 / / / n-iW* 
A = 8K — ^ — / du2- — \n{-l/ a s){-a s) * 



xl^f^;) (i + ^i)-^- (13) 



Here both 

Li = 4(sm 7rz/2 



'9(7rz/i)|,^^,3^^o 

and L2 are given explicitly by (jSH). As the result we obtain for the Regge trajectory eq.(jHDl) in 
the text. 



C Multi-Regge production amplitudes 



In integral (f7^ we redefine — > ^72:4^6/(^4 — ^e) and introduce / = 2:4 — instead of ^4. In 
addition, we replace ^ /^e- Then the integral /(tsers; '^^j ^3478; ^34? ^56? ^12, ^ts) in (ESI) is 
given by expression 

/(t5678,«:',t3478,t34,t56,tl2,t78) = («:2)-'*34-a't56-2 | rf^, rf^^ rf/ e'^-^V""'*^^"' 



yi y2 



X 



(a'tyg + l)gig2 («'t5678 - Q'^SG - ^'^78 - "'^56^1 



^1(1+ ^6)2^? 



(1 + z^)zlz^ zlq2 



[I + Z^Yz^Z-! 



2:6(1 + Zq) 



(1) 
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where 

qi = f{l + Zq) + ZtZq- k'^ -ie, q2 = /zq + Zf{l + Zq) - k"^ - ie , e^O. 
Integrating it by parts, one obtain the following result 



(2) 



5678, 5^3478 5^34,^56 5^12,^78 



2\-a't34-a'i56-2 



XZr 



-a'trs-li 



z, 



K 



J dzjdzdfe-f-''f-''''^^-^ 

i(y%678 + 1) a'i^3478 + 1 
(1+^6)2 
/ + ^7 



2^6(1 + Zq) 
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^6(1 + Zq) 



(3) 



To derive eq. (jS)), one integrates the first term in the brackets in eq. over zj by parts. As 
a result, we obtain the expression similar to eq. (jHI) but the terms inside the brackets turn out 
to be 



<ll<l2 



^ (a'^5678 + 1 - c^'ti?, - _^ (^'h&qi 
(1 + 2;6)2;62;7 2;|g2 
(a'^3478 + 1 - a't78 + ft:^)g2 a'^34g2 a'^35 + a'^36 + a'^45 + a'^46 



(1 + ZqYzqZ-j 

This expression is the same as 



^6(1 + Zq) 
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2:712:6(1 + ^6) 2:6(1 + 2:6) V zi{l + ZQyz7 



.2\2 



+ 



a'h&qi , a'i^34'?2 



^7 



,^6(1 + ^6) ^6(1 + ^6)V ^6(1 + ^6)^^7 zlq2 



+ 



:i + z,fqr 



(5) 



Further, the terms proportional to tjs are integrated by parts over z-j to remove this factor 
^78. Analogously the term ~ ti2 is integrated by parts over / to remove the factor ti2. The third 
term is integrated by parts over zq to remove both nominators (a't5678 + 1) and (a't3478 + 1) 
in the corresponding contributions. After these transformations we obtain 0. If we shall 
integrate by parts the first term in eq. (0) over zq is possible to reduce eq. © to the expression 



I{t 



5678, ,^3478,^34,^56,^12,^78 
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-a'trs-l. 
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"z, 



a'^3478 , "'^34 + a'i!:56 _^ 2:7«'^34 



;i + Z,) 



,1 + ^6) 
Z6 



[l + z,)q2 ' {l + z,y 
One can introduce the variable z instead of zq according to the relation 

ze = z/{l- z) , 



(1 + ZQ)qi 

f + Z7 

;i + Ze) 



(6) 



(7) 
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and redenote z-j = y. After it © can be presented as follows 



-^(^5678? /^^j ^3478) ^34, ^56; ^12? t 
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J dydzdfe^^-yf 



f-y f~a'ti2~ly~a't7s-l ^ 
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a't56/(l - z) 



f + yz — k'^{1 — z) — it y + fz — k'^{1 — z) — it 



+ z-{f + y) 



D Vanishing of impact factors for planar diagrams 

The impact factor for the vector particle scattering can be calculated from the asymptotics of 
Figlb in the region where Si = ±Sj oo while S3, S4, S5 and Sq are finite. The impact factors 
for the states with the masses a't^^ = rii and a't^Q = n2 are just proportional to the resudies in 
the poles at a't^^ = rii and a't^e = ^2. One can see from expression (fSHj) that for the discussed 
asymptotics the essential values of the integration variables are 



Z3 



0, zr/zQ^O. 



while X and y being defined by the relations z^ = Z4 + x and z^, = zq + y are now comparable 
in their values with z^ and zq. However, the poles a't^^ = rii and a't^Q = n2 appear from the 
regions x/z^ ^ and y/z^ ^ 0. In this kinematics one can expand the integrand in powers of x 
and y to obtain the poles at a't^^ = rii and a't^Q = 722- It can be verified that the corresponding 
integral vanishes, and, so, the impact factor for the planar diagram is equal to zero. 

For the sake of simplicity we give the corresponding proof for the boson string theory, 
assuming, that the external interaction states are tachyons. In this case only the leading 
term in x and y is needed and expression (IHH|) can be simplified as it was done in eq. (M)^ . 
Furthermore, similar to the multi-Regge limit we obtain 



hih + h) -/C2(^5 + ko) kik , kj{k^ + k^) 



-kj{k^ + fee) kfik, 



(2) 



but relations ()61|) for k^{k-j + ks) and for k^{kj + ks) are not valid. It is helpfuU to redefine again 
the variables according to eq. (jUHj) . After calculating integrals over x and y the asymptotics of 
turns out to be 



^(0) _ J^j^_|_^/g^-jo'ti2+a'i78-o't34-o'i56(^_|_^'_g-)a't34+o't56+2j(0) 

r(-a't34 - i)r(-a't56 - 1) 



(3) 



where T{x) is the gamma function and 

dzj dz 
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z'^z 



-d/exp 
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In the calculation of /*^°^ we performed the change of the integration variables as it was 
done in Appendix B: z-j z-jZi^z^jiz/^ — z^^ Zi^ ^ f = z^ — z% and z% f Zq = f z/{l — z) 
(see eq.(|7j)). The impact factor is proportional to the sum over the residues of J^^-' in the poles 
•^'^5678 = ^ for fixed values a't34 = a'tse = — 1- The parameter n = m — 1 takes integer values 
from n = — lupn = oo. The result contains the factor 



„ Tn\dz^ 

m=0 

The sum is calculated in the region ^3450 — ti2 — > where the series is covergent. Then it 
is continued anal5d;ically to physical values for ^3456 — ti2 — ^78- For z ^ 1 this sum is equal 
to (1 — 2)-"'[*3456-ti2-t78] = Thus, the impact factor for the planar diagram is zero. The 
vanishing of the impact factor for the higher mass states a;'t34 = rti and a't^^ = n2 is verified 
in a similar way. For the superstring theory one can prove also the vanishing of the impact 
factors for the planar diagrams. 
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Captions 



Fig. 1. The ladder cut determining the BFKL Pomeron in the a + 6 — > a' + 6' process. The 
dotted hne denotes a reggion, the sohd one denotes a particle. 

Fig. 2. The diagram for the calculation of the BFKL kernel. The dotted line denotes 
massless state; the solide one denotes the tower of string states. 
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Fig.l 



47 



ki 



! kA 



k 



k^ 



ke 



Fig.2 



